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Introduction

2

Ultimate goal of the project: 
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Radiative Neutrino Pair Emission (RNPE) 
from atoms/molecules
atomic/molecular energy scale ~ eV or less

Λ-type level structure

Ba, Xe, Ca+, ...

!"#$%#&'()*+)(,&("#-($.

!"(&/"()(,%#.(0)/.*-1
231("4()&5*.*$)1&(%."6-)*+) 7#'' 3(& &
0(8(,%#./.#*$)4#/)*$()&5*.*$)
&'61)$(6."#$*)&/#"
9116-()+*")/)-*-($.

7#'')3()
(,&'/#$(0)
'/.("::

;/.()#1)3#<)($*6<5:
=*-($.6-)/1)>('')/1)
($("<?)%*$1("4/.#*$)/-*$<)
(-#..(0 &/".#%'(1(-#..(0)&/".#%'(1

!5*.*$)1&(%."6-)/$0)
%#"%6'/")&*'/"#@/.#*$)%*$./#$)
#$+*"-/.#*$)*$A
=/11)/$0)-#,#$<
=/B*"/$/CD#"/%)-/11).?&(
(.%

EFGFCFHCFH I!J9EFGF H

metastable
H2, O2,...

Rate enhancement by coherence 

super-radiance R.H. Dicke, 1954

Single photon SR is well-established.
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Should be established before RNPE.

対超放射 Paired Super-Radiance (PSR)

para-H2

Ba vapor 1D2 → 1S0

Targets

X1Σ+
g v = 1→ v = 0

大饗氏の講演

Not seen yet. 

levels is dipole forbidden. Suppose that the upper level |p〉 has substantial E1 rates both to |e〉 , |g〉. (This
can be replaced by weaker M1 transition, since the relation we need subsequently is the partial decay rate
∝ ε3ij with the energy level difference εij = εi − εj , which holds both in E1 and M1 cases.) An effective
hamiltonian, or rather the hamiltonian density, for |e〉 , |g〉 interacting with fields may be derived by a kind
of Markov approximation and reads as [3], [10]

HI = "E2(x, t)eiHAtHe−iHAt|ψ(x, t)〉〈ψ(x, t)| , |ψ(x, t)〉 =
(

ce(x, t)
cg(x, t)

)
, (1)

eiHAtHe−iHAt =
(

µee µgeeiεegt

µgee−iεegt µgg

)
, µge(ω) =

2dpedpg(εpg + εpe)
(εpe + ω)(εpg − ω)

, µaa(ω) =
2d2

paεpa

ε2pa − ω2
, (2)

where |ce|2+ |cg|2 = n(x) and n(x) is the number density of atoms per a unit volume in a linear target region
of 0 ≤ x ≤ L. For simplicity we took isotropic medium and linearly polarized fields, hence "E may be taken
a scalar function. Extension to more complicated cases is not difficult, and it is useful to keep the vectorial
notation for the purpose of extention. The approximation taken, as made clear later, is that the frequency
of field variation is set at ω ∼ εeg/2, around the half of the atomic energy difference. Dipole moments dpa

to a higher level |p〉 may all be taken real. This interaction describes dynamical Stark shifts of the amount
µabE2 between two levels [14]. We note relations µab(ω) = µab(εeg − ω) , used subsequently.

Figure 1: Λ−type of atomic level for PSR.

The density matrix of pure atomic states, ρ = |ψ(x, t)〉〈ψ(x, t)|, obeys the evolution equation, ∂tρ =
−i[HI , ρ] . This quantum mechanical equation is generalized to include dissipation or relaxation. The needed
variable, the density matrix for the mixed state, is given by a statistical mixture of pure states:

ρ(x, t) =
∑

i

ci|ψi(x, t)〉〈ψi(x, t)| ,
∑

i

ci = 1 , 0 ≤ ci ≤ 1 , (3)

with |ψi(x, t)〉 a set of orthonormal pure states. It is convenient to write the evolution equations in terms
of components of the Bloch vector defined by "R = tr ρ"σ.

Dissipation occurs when a subsystem interacts with a reservoir and one integrates out reservoir variables
due to our basic ignorance of the reservoir. The general form of mixed state evolution including dissipation
has been derived by Lindblad [15], assuming the general principle of positivity and conservation of prob-
ability. As its result the time evolution equation of the density matrix has additional operator term, L[ρ]
[16]. The new additional dissipative term in the Boch equation of the two level atomic system turns out
equivalent to phenomenological relaxation terms given by two time constants, T1, T2 (with the constraint

3

Ee − Eg = 2ω
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PSR Equations
Counter-propagating field/trigger (1+1 dim.)

e =
1
2

�
eR e−i(ωt−kx) + eL e−i(ωt+kx) + c.c.

�

R-L couplings

Bloch vector: ri = tr(ρσi)/trρ

Wikimedia Commons

|e�

|g�

r

on PSR effects and ignore propagation effects which are much discussed in [3] , [12] and summarized in
Appendix A. Explosive PSR events discussed below are expected to be insensitive to neglected propagation
effects. The resulting Maxwell-Bloch equation for the single mode is

∂τ r1 = 4γ−(|eR|2 + |eL|2)r2 + 8!(eReL)r3 −
r1

τ2
, (12)

∂τ r2 = −4γ−(|eR|2 + |eL|2)r1 + 8#(eReL)r3 −
r2

τ2
, (13)

∂τ r3 = −8 (#(eReL)r2 + !(eReL)r1) −
r3 + 1

τ1
, (14)

(∂τ + ∂ξ)eR =
i

2
(γ+ + γ−r3)eR +

i

2
(r1 − ir2)e∗L , (15)

(∂τ − ∂ξ)eL =
i

2
(γ+ + γ−r3)eL +

i

2
(r1 − ir2)e∗R , (16)

γ± =
µee ± µgg

2µge
. (17)

Here τi = αmTi are relaxation times in the dimensionless unit.
The dimensionless master equation (12) ∼ (16) is governed by two important parameters, the most

important is τ2 = αmT2 and the next important is γ±. Another experimentally important parameter is
the overall length and time 1/αm ∝ 1/n, inversely scaling with the number density n. For larger number
densities of excited atoms a smaller size target and a shorter time measurment of O[ns] becomes possible.

In terms of two component field ϕ defined below the equation reads as

(∂τ + σ3∂ξ)ϕ =
i

2
(γ+ + γ−r3)ϕ +

i

2
(r1 − ir2)σ1ϕ

∗ , ϕ =
(

eR

eL

)
. (18)

Magnitudes of R- and L-fluxes change via RL mixing term such as

(∂τ ± ∂ξ)|eR ,L|2 = r1!(eReL) + r2#(eReL) . (19)

R- or L-moving pulse alone propagates freely, because we ignored in this approximation non-trivial propa-
gation effects.

Quantum state of fields As usual in quantum field theory, we may interpret 'ER,L as annihilation
and 'E †

R,L as creation operator. The fact that the basic equation, (15) ∼ (16) or (18), simultaneously contains
both annihilation and creation operators of field implies that the quantum state satisfying the field equation
is given by a Bogoliubov transformation from the usual vacuum of zero photon state |0〉,

|Ψ〉 =
∞∑

n=0

cn(x, t)(e †
Re †

L)n|0〉 , (20)

where cn(x, t) is to be determined by (eq.(18)) |Ψ〉 = 0. The quantum state |Ψ〉 is a mixture of infinitely
many states of different photon number. We shall not pursue this line of thoughts any further, because we
exploit the semi-classical approximation under the large quantum number limit of photons (the classical
limit). The semi-classical equation is given by the expectation value of quantum equation,

〈Ψ|
(

(∂τ + σ3∂ξ)ϕ − i

2
(γ+ + γ−r3)ϕ − i

2
(r1 − ir2)σ1ϕ

∗
)
|Ψ〉 = 0 , (21)

with |Ψ〉 the Bogoliubov state given by eq.(20). The semi-classical equation turns out equivalent to replacing
q-field operators in the quantum equation by corresponding c-number functions. Equations, (12) ∼ (16),
regarded as equations for c-number functions, thus constitute the master equation for polarization of medium
and field.

5

τi : relaxation
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|e�

|g�

R-mover L-mover
e−i(ωt−kx) e−i(ωt+kx)

Macro-coherence Yoshimura et al. (2008)

Γ ∝ (nV )2

Γ(RNPE) ∼ αG2
F E5

νN2 ∼ 1.5 MHz

∼ e−i2ωt
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Explosive PSR without initial coherence

No initial coherence case: r1 = r2 = 0, r3 = 1
strong trigger required.
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Explosive PSR with initial coherence
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Coherent initial state: r1 = 1, r2 = r3 = 0
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r1 r2

Coherent initial state:
weak trigger

time

r1 = 1, r2 = r3 = 0
1 µW/mm2
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|eR|2 + |eL|2r3

time

time
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Summary and Future Prospect

Fundamental PSR equations are derived.
Some numerical solutions are obtained.
Initial coherence or strong trigger

explosive PSR
To do

• Dynamical formation of solitons

• Quantitative condition for explosive PSR
target preparation, trigger scheme

• .....
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Backup Slides

12



Minoru TANAKA

Explosive PSR with high density target
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output flux    trigger power

Modest PSR in the linear regime
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FPUA2011 Susumu Kuma 9 

v = 0 

Pump 

Stokes 

v = 2 

v = 1 
PSR 

Stimulated Raman 

PSR 

PSR targets 

Ba vapor Solid para-H2 

PSR transition 

Excitation 

Molecular vibrational transition Atomic electronic transition 
v = 2 ! v = 1 in X1"g (ground state) + 6s6p 1P1 ! 6s5d 1D2 

Stimulated Raman in v = 0 ! 2 Pumping in 1S0!1P1 
One-photon SR in 1P1!1D2 

trigger 
trigger 


