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Index theorem

we consider
U(1) or SU(N) group

What is the index of Dirac operators ?

Important both in physics and mathema2cs to understand 
gauge field topology, which is non-perturba2ve.

Topological charge = 
winding number

<latexit sha1_base64="xsri0glfVFN42srVEtKUATvy8Ao="></latexit>

= E · B

[A#yah & Singer 1963]



It is a (non-perturba9ve) regulariza9on of 
QFT with la@ce spacing

Gauge fields(gluons) live on links

Fermions (quarks) live on sites

3

What is la4ce gauge theory?

On the la=ce, path-integrals = finite-dimensional 
mathema2cally well-defined integrals



= A mathematical formulation of the index (theorem) on a lattice.

In continuum, Dirac operator is a differential operator.

On lattice, Dirac operator is a difference operator.

Mathematically nontrivial. 
[Related works by mathematicians: Kubota 2020, Yamashita 2021]
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Our goal

<latexit sha1_base64="IkOZAV8iETfJkiFLLByK645WR/U="></latexit>

D = �µ(@µ + iAµ) .

<latexit sha1_base64="Ll1KSnbyt5La8gXrqwVWB8esmxw="></latexit>

Dnaive� = �µ[Uµ(x)�(x+µa) � U†
µ(x�µa)�(x�µa)]/2a.



Difficulty in la4ce gauge theory

Both of Dirac index and topology are difficult on the la=ce:

•  It is difficult to define the chiral zero modes, since the 
standard la=ce Dirac operators break the chiral 
symmetry.

• La=ce discre2za2on of space 2me makes the topology 
not well-defined.



A traditional solution = overlap Dirac operator

With the overlap Dirac operator [Neuberger 1998] sa2sfying 
the Gingparg-Wilson rela2on [1982],

a modified chiral symmetry is exact [Luescher 1998],

and the index is well-defined: 
[Hasenfratz et al. 1998]

but this defini2on is so far limited to even-dimensional  
periodic square la=ces (whose con2nuum limit is a flat torus). 

<latexit sha1_base64="zQF+ohBSA201PXquIlStqSvjqEQ="></latexit>

�5Dov + Dov�5 = aDov�5Dov

<latexit sha1_base64="AwIyPdm62bPI2P6cPujjaDTvQNI="></latexit>

IndDov = Tr�5

✓
1� aDov
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This work = an alterna@ve mathema@cal 
formula@on of the la4ce Dirac index.

In our formulation,
•Chiral symmetry is NOT necessary : massive Wilson Dirac 

operator is good enough.
•  K theory is used to show the equality to the continuum 

Dirac index.
•  Wider application than the overlap Dirac operator to the 

systems with (curved) boundaries and/or mod-two version 
of the index. 
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• Physicist-friendly AKyah-Patodi-Singer (APS) index on a flat 
space [F, Onogi, Yamaguchi 2017]
• MathemaKcal proof  for the physicist-friendly index on general 

curved manifolds [F, Furuta, Matsuo, Onogi, Yamaguchi, 
Yamashita 2019]
• Mod-two index version [F, Furuta, Matsuki, Matsuo, Onogi, 

Yamaguchi, Yamashita 2020]
• LaWce perturbaKve test (on flat torus) [F, Kawai, Matsuki, 

Mori, Nakayama, Onogi, Yamaguchi 2019]
• General laWce version  [Aoki, F, Furuta, Matsuo, Onogi, 

Yamaguchi 2024, 2025]   = this work.

Physicist-friendly Dirac index project
(no need for chiral symmetry and boundary condiKons)

con$nuum
   studies
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Continuum Dirac operator

(A naïve) lattice Dirac operator

which has zero points at  

Con@nuum deriva@ve -> La4ce difference

<latexit sha1_base64="KKt+rpHvI5f9/E1ogPgerRaFLYg="></latexit>

D (x) = �µ(@µ) (x) =

Z
dp�µ(ipµ) ̃(p)e

ipx

<latexit sha1_base64="BzOOV453+Z93nlkIOxZSKCY7hE8="></latexit>

D (x) = �µ
 (x+ µ̂a)�  (x� µ̂a)

2a
=

Z
dp�µ

eip(x+µ̂a) � eip(x�µ̂a)

2a
 ̃(p)

=

Z
dp�µi

sin pµa

a
 ̃(p)eipx.

(phys) Doublers appear!
(math) Ellip9city [uniqueness of zero points] is lost!

unit vector in μ direc#on.
<latexit sha1_base64="K0bpXvllhXlY2ds9QvV6KTHMlzY="></latexit>

µ̂ :



The Wilson Dirac operator is commonly used in lattice gauge theory. 

The additional term corresponds the Laplacian and the Fourier 
transformation 

indicates that the doublers cannot excite (recovering ellipticity) due to heavy 
mass.  But chiral symmetry (Z2 grading) is lost instead:  

Wilson Dirac operator
unit vector in μ direction.

<latexit sha1_base64="K0bpXvllhXlY2ds9QvV6KTHMlzY="></latexit>

µ̂ :

<latexit sha1_base64="NdUsmBMoUu+1XzsisYj9mOFaY1E="></latexit>

DW =
X

µ

"
�µr

f
µ +rb

µ

2
�a

2
rf

µrb
µ

#

= Large mass term 
Except for 

<latexit sha1_base64="xvgawQ8VYfA/1ZsQC8KsUbXIMYo="></latexit>X

µ

�µi
sin pµa

a
+
X

µ

(1� cos pµa)

a
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pµ = 0

<latexit sha1_base64="YU92ojCqSjDxccroxRTWooISpBI="></latexit>

rf (x) =
 (x+ µ̂a)�  (x)

a

rb (x) =
 (x)�  (x� µ̂a)

a

<latexit sha1_base64="ubxFR9DcIiUQZ16KILucStMSPC8="></latexit>

�5DW +DW �5 6= 0.



Nielsen-Ninomiya theorem [1981]:
If                                we cannot avoid fermion doubling.

(we have to give up Z2 grading to recover ellipKcity)

Ginsparg-Wilson relaKon [1982]

can avoid NN theorem.
But no concrete form was found in ~20 years.

Nielsen-Ninomiya theorem [1981]

�5D +D�5 = 0,
<latexit sha1_base64="N6pCde/yd/pz2gmS2wU0N8U+zPI="></latexit>

�5D +D�5 = aD�5D.
<latexit sha1_base64="nK1D4Hq6HUi6lAsCqOARBLlRLJU="></latexit>



Overlap Dirac operator [Neuberger 1998]

sa2sfies the GW rela2on: 

<latexit sha1_base64="hHpv6lk8EK8u8g1ZbYkLw8kk0GE="></latexit>

HW = �5(DW �M)
<latexit sha1_base64="WCG4Fmc+V6i25ZLk+ywGu2ArfpE="></latexit>

M = 1/a

<latexit sha1_base64="HKE9/B5h+A6nHCOTNDTP+2hquFY="></latexit>

Dov =
1

a
(1 + �5sgn(HW ))

<latexit sha1_base64="zQF+ohBSA201PXquIlStqSvjqEQ="></latexit>

�5Dov + Dov�5 = aDov�5Dov

[Luescher 1998]
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�5(1� aDov/2)�5Dov + �5Dov�5(1� aDov/2) = 0.
<latexit sha1_base64="QyxEZd6zimKrWmxfIXjEb0/Zxqw="></latexit>

�5H +H�5 = 0.
<latexit sha1_base64="T5CSlK946QI89QsfVvRAjKNF9NE="></latexit>

H = �5Dov, �5 = �5

✓
1� aDov
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◆
= a modified exact chiral 
symmetry (but                  )

<latexit sha1_base64="3/8ZNhYSAm+iUKKoaMD7nJnAEDM="></latexit>

�2
5 6= 1.



Overlap Dirac spectrum lies on a 
circle with radius 1/a 
For complex eigenmodes 

(therefore, no contribuKon to the trace).
The real 2/a (doubler poles) do not contribute.

We can define the index !

<latexit sha1_base64="mZKnCPraMIwa+UlkqsdjC3oNN88="></latexit>

Tr�5

✓
1� aDov
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◆
= Tr

zero-modes
�5

<latexit sha1_base64="bUv5UkyI/krmt7IoWTLpz7jz1zY="></latexit>

�†
��5

�
1 � aDov

2

�
�� = 0.
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Dov�� = ���

<latexit sha1_base64="ajWUtPwAvJ/XBXQH6solmM/ETRQ="></latexit>= n+ � n�

[Hasenfratz et al. 1998]



But            is defined with the Wilson Dirac operator.
<latexit sha1_base64="hHpv6lk8EK8u8g1ZbYkLw8kk0GE="></latexit>

HW = �5(DW �M)
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M = 1/a
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Dov =
1

a
(1 + �5sgn(HW ))
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Dov
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IndDov = Tr�5

�
1 � aDov

2

�
= Tr

�5

2� �� �
=0

�1

2
Tr sgn(HW )

= �1

2
Tr sgn(HW )



But            is defined with the Wilson Dirac operator.

What is this ???

<latexit sha1_base64="hHpv6lk8EK8u8g1ZbYkLw8kk0GE="></latexit>

HW = �5(DW �M)
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M = 1/a
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Dov =
1
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(1 + �5sgn(HW ))
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This quanKty is known as the AKyah-Patodi-Singer η invariant (of the massive 
Wilson Dirac operator).

η invariant of the massive Wilson Dirac operator
<latexit sha1_base64="rAimG9ZsdKZqYqTUxf8o8N9oxH8="></latexit>

= �1

2

X

�HW

sgn(�HW
) = �1

2
⌘(HW )

[Atiyah, Patodi and Singer, 1975]
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HW = �5(DW �M)
<latexit sha1_base64="WCG4Fmc+V6i25ZLk+ywGu2ArfpE="></latexit>

M = 1/a

<latexit sha1_base64="IIwDm52eI+ZYXu8YQVQgV4BkfH0="></latexit>

�1

2
Tr sgn(HW )



In this talk, we try to show 
a deep mathema9cal meaning of the right-hand side, 
and try to convince you by K-theory [A$yah-Hilzebruch 1959, Karoubi 1978…] 
that the massive Wilson Dirac operator is an equally good or even 
beQer object than Dov to describe the gauge field topology.

The Wilson Dirac operator and K-theory
<latexit sha1_base64="hHpv6lk8EK8u8g1ZbYkLw8kk0GE="></latexit>

HW = �5(DW �M)
<latexit sha1_base64="WCG4Fmc+V6i25ZLk+ywGu2ArfpE="></latexit>

M = 1/a
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IndDov = �1
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A united manifold of spacetime (= base manifold) and field (fiber)

The direct product structure is realized only locally.
In general, it is “twisted” by gauge fields (connections).

In mathematics, the (isomorphism class of) total space  is  denoted 
by            or

What is fiber bundle (for physicists)?

<latexit sha1_base64="ztVkJ5VkxvmhFTXybvyh4oa+LOc=">AAAB73icZVBNSwMxEJ3Ur1q/qh69BEuhXsquiHosevFYwX5Au5Rsmm1Ds9k1yYpl6Y/wJCiIV3+PJ/+NabuIbR8MPN6bYWaeHwuujeP8oNza+sbmVn67sLO7t39QPDxq6ihRlDVoJCLV9olmgkvWMNwI1o4VI6EvWMsf3U791hNTmkfywYxj5oVkIHnAKTFWanXjIa88n/WKJafqzIBXiZuREmSo94rf3X5Ek5BJQwXRuuM6sfFSogyngk0K3USzmNARGbCOpZKETHvp7NwJLlulj4NI2ZIGz9T/EykJtR6Hvu0MiRnqZW8q/nnlhVUmuPZSLuPEMEnnm4JEYBPh6fO4zxWjRowtIVRxeyymQ6IINTaigk3BXf55lTTPq+5l1b2/KNVusjzycAKnUAEXrqAGd1CHBlAYwQu8wTt6RK/oA33OW3MomzmGBaCvXzssj1c=</latexit>

�(x)
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! (x,�) 2 X ⇥ F
Spacetime
= base space

Field space
= fiber space
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E ! X
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What is fiber bundle?  Analogy for (phys) students

Figure from Wolfram Math worldX base space (space-time) 
 = your head
F fiber (field) 
 = your hair
E (= locally XxF) (total space) 
 = your hair style
Connection 
 = hair wax (local hair design)



Let us consider the case with fiber = some vector space.

Compare two vector bundles            and   .

It was proved that the homotopy theory can completely classify the vector 
bundles. But concrete computaKon is difficult.

K-theory can classify the vector bundles when their ranks are sufficiently large. 
(more powerful than the standard (de Rham) cohomology theory). 

Classification of vector bundles

<latexit sha1_base64="8cssZ2l9eiULawgyrLX1BjTt1is=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCp7JbpHosiuCxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+NabuIbR8MPN6bYWZeEHOmjev+OLmNza3tnfxuYW//4PCoeHzS0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY38789jNVmkXyyUxi6gs8lCxkBBsrPd71vX6x5FbcOdA68TJSggyNfvG7N4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/np05R2SoDFEbKljRorv6fSLHQeiIC2ymwGelVbyb+eeWlVSa89lMm48RQSRabwoQjE6HZ42jAFCWGTyzBRDF7LCIjrDAxNp6CTcFb/XmdtKoVr1apPlyW6jdZHnk4g3O4AA+uoA730IAmEBjCC7zBuyOcV+fD+Vy05pxs5hSW4Hz9Aj86jZ8=</latexit>

E1
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E2



The element of K0(X) group is given by
[   ] denotes the equivalence class (concrete definiKon is given later).

Equivalently,  we can consider an operator and its conjugate,

 to represent the same element by  
where

* K0 group  describes classificaKon of Dirac operator which anKcommutes with 
chirality operator. 

K0(X) group
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D12 : E1 ! E2
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12 : E2 ! E1
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<latexit sha1_base64="8+3rmRvyQpjuxlY5+WBFpNg240o=">AAAB8nicZVBdSwJBFL3bp9mX1WMvQyL0ELIrUT1KIfRokB+ki8yOow7Ozi4zdwMR/0VPQUH02r/pqX/TqEukHrhwOOde7r0niKUw6Lo/ztr6xubWdmYnu7u3f3CYOzqumyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGd1O/8cy1EZF6xFHM/ZD2legJRtFKT61Kx7sglU7J7+TybtGdgawSLyV5SFHt5L7b3YglIVfIJDWm5bkx+mOqUTDJJ9l2YnhM2ZD2ectSRUNu/PHs4gkpWKVLepG2pZDM1P8TYxoaMwoD2xlSHJhlbyr+eYWFVdi78cdCxQlyxeabeokkGJHp/6QrNGcoR5ZQpoU9lrAB1ZShTSlrU/CWf14l9VLRuyp6D5f58m2aRwZO4QzOwYNrKMM9VKEGDBS8wBu8O+i8Oh/O57x1zUlnTmABztcvHTuPvg==</latexit>

[E1, E2]

<latexit sha1_base64="RWMprCfPvhrkxCQFM8rIVhs2wX4=">AAAB9nicZVDLSsNAFJ3UV62vqks3g6XgopRERF0WH+Cygn1AG8vNdNIOnUnCzEQsof/hSlAQt/6LK//GSRvEtgcuHM65l3vv8SLOlLbtHyu3srq2vpHfLGxt7+zuFfcPmiqMJaENEvJQtj1QlLOANjTTnLYjSUF4nLa80XXqt56oVCwMHvQ4oq6AQcB8RkAb6bFzW7mp4O4AhAC30CuW7Ko9BV4mTkZKKEO9V/zu9kMSCxpowkGpjmNH2k1AakY4nRS6saIRkBEMaMfQAARVbjK9eoLLRuljP5SmAo2n6v+JBIRSY+GZTgF6qBa9VPzzynOrtH/pJiyIYk0DMtvkxxzrEKcZ4D6TlGg+NgSIZOZYTIYggWiTVJqCs/jzMmmeVp3zqnN/VqpdZXnk0RE6RifIQReohu5QHTUQQRK9oDf0bj1br9aH9TlrzVnZzCGag/X1C/KrkVk=</latexit>

[E,D, �]

* To be precise, D acts on 
the sec#ons of E.



When we are interested in global structure only,
We can forget about details of the base manifold X by taking 
or the K-theory pushforward ( ~ “integration over X” ) :

A lot of information is lost but one (the Dirac operator index) remains.

K-theory pushforward

<latexit sha1_base64="bazXlMniIzgMXc2Vydz8QV8zvgM="></latexit>

HE : The whole Hilbert space on which D acts.

<latexit sha1_base64="JfyzTsjjSBC8DkWhCV5WA10LICM=">AAACCXicZVDLSgMxFM34rPVVdenCYCm0mzIjouKq6ELBTQX7gHYsmTTThuYxJBmxDF268lNcCQri1k9w5d+YPhDbHggczrmXm3OCiFFtXPfHWVhcWl5ZTa2l1zc2t7YzO7tVLWOFSQVLJlU9QJowKkjFUMNIPVIE8YCRWtC7HPq1B6I0leLO9CPic9QRNKQYGSu1MgdX8Bze3Lv5eqFp5Ig1eSAfk0hSYQaFVibrFt0R4DzxJiQLJii3Mt/NtsQxJ8JghrRueG5k/AQpQzEjg3Qz1iRCuIc6pGGpQJxoPxkFGcCcVdowlMo+YeBI/b+RIK51nwd2kiPT1bPeUPzzclOnTHjmJ1REsSECjy+FMYM287AW2KaKYMP6liCsqP0sxF2kEDa2vLRtwZvNPE+qR0XvpOjdHmdLF5M+UmAfHII88MApKIFrUAYVgMETeAFv4N15dl6dD+dzPLrgTHb2wBScr182q5gS</latexit>

G : K0(X) ! K0(point)
<latexit sha1_base64="l9+iLq2MsD2NVW0mYnLG2NHwK9c=">AAACDXicZVDLSgMxFL3js9ZX1aWbYCm4KGVGRF0WH9BlBfuAmaFk0rQNTWaGJCOUoR/gyk9xJSiIWz/AlX9j2g5i2wOBwzn3cnNOEHOmtG3/WCura+sbm7mt/PbO7t5+4eCwqaJEEtogEY9kO8CKchbShmaa03YsKRYBp61geDPxW49UKhaFD3oUU1/gfsh6jGBtpE6h6N6V0W0ZeX0sBPaRpyPk1jpzopmyK/YUaJk4GSlChnqn8O11I5IIGmrCsVKuY8faT7HUjHA6znuJojEmQ9ynrqEhFlT56TTMGJWM0kW9SJoXajRV/2+kWCg1EoGZFFgP1KI3Ef+80twp3bvyUxbGiaYhmV3qJRyZyJNqUJdJSjQfGYKJZOaziAywxESbAvOmBWcx8zJpnlWci4pzf16sXmd95OAYTuAUHLiEKtSgDg0g8AQv8Abv1rP1an1Yn7PRFSvbOYI5WF+/2USY0A==</latexit>

[E,D, �] ! [HE , D, �]
The map just forgets X.



The “point” can be suspended to an interval:

There is an isomorphism between 

where the superscript “1” reflects removal of the chirality operator. 
* The Dirac operator must become one-to-one (no zero mode) at the two endpoints :

Physical meaning of the isomorphism will be given soon later . 

Suspension isomorphism

<latexit sha1_base64="7+uNsKGk0mP+alzy/DCWwzuZVLE=">AAAB8nicZVBNSwMxEJ2tX7V+VT16CZaCp7Iroh6LXvRWwX5gu5Rsmrah2eySzAql9F94EhTEq//Gk//GbLuIbR8EHu/NZGZeEEth0HV/nNza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt6nffObaiEg94jjmfkgHSvQFo2ilp05MNQoqyX23WHIr7gxklXgZKUGGWrf43elFLAm5QiapMW3PjdGfpP8xyaeFTmJ4TNmIDnjbUkVDbvzJbOMpKVulR/qRtk8hman/OyY0NGYcBrYypDg0y14q/nnlhVHYv/YnQsUJcsXmk/qJJBiR9H7SE5ozlGNLKNPCLkvYkGrK0KZUsCl4yzevksZ5xbuseA8XpepNlkceTuAUzsCDK6jCHdSgDgwUvMAbvDvovDofzue8NOdkPcewAOfrF6y2kME=</latexit>

@I

<latexit sha1_base64="zv7hDno+iTeZFGvXB5IXfWdrQbA=">AAACGHicZVDLSgMxFM34rPVVdekmWASRUmZEqsviA1wqWBXacbiTZtrQZGZI7iil9C9c+SmuBAVxqyv/xvSBWD0QOJxzLjf3hKkUBl33y5manpmdm88t5BeXlldWC2vrVybJNOM1lshE34RguBQxr6FAyW9SzUGFkl+HneOBf33HtRFJfIndlPsKWrGIBAO0UlAo18+C0xI9KdFGC5QCnzYkj1CLVhtB6+Se1tPb3VEmQD8oFN2yOwT9T7wxKZIxzoPCZ6OZsEzxGJkEY+qem6LfA42CSd7PNzLDU2AdaPG6pTEobvze8K4+3bZKk0aJti9GOlR/T/RAGdNVoU0qwLb56w3EH297YhVGh35PxGmGPGajTVEmKSZ00BJtCs0Zyq4lwLSwn6WsDRoY2i7ztgXv783/ydVe2auUKxf7xerRuI8c2SRbZId45IBUyRk5JzXCyAN5Ii/k1Xl0np03530UnXLGMxtkAs7HN3nenhs=</latexit>

[HE , D, �] $ [p⇤HE , Dt]
<latexit sha1_base64="m+rnEm/w9uT6xoyufBFEc4pOWsk=">AAACGHicZVDLSgMxFM3UV62vqks3wVYQwWFGpEpXRTe6q2Af0NaSSTMamklCkhHL0L9w5ae4EhTEra78G9N2EFsPBA7n3MvJPYFkVBvP+3Yyc/MLi0vZ5dzK6tr6Rn5zq65FrDCpYcGEagZIE0Y5qRlqGGlKRVAUMNII+ucjv3FPlKaCX5uBJJ0I3XIaUoyMlbp5V94clNtRIB4SGTN2GCDchyKERVm+bBsBU0tQbobFodvNFzzXGwP+J35KCiBFtZv/avcEjiPCDWZI65bvSdNJkDIUMzLMtWNNpM1Et6RlKUcR0Z1kfNcQ7lmlB0Oh7OMGjtW/GwmKtB5EgZ2MkLnTs95I/PX2pqJMeNpJKJexIRxPksKYQXvxqCXYo4pgwwaWIKyo/SzEd0ghbGyXOduCP3vzf1I/cv2SW7o6LlTO0j6yYAfsgn3ggxNQARegCmoAg0fwDF7Bm/PkvDjvzsdkNOOkO9tgCs7nD6nnn3U=</latexit>

p⇤ : pull-back of p : I ! point.
we omit in the following.

<latexit sha1_base64="Ob8nXKmMfYT8KdpJI41h49yS0d8=">AAACF3icZVBbSwJBGJ21m9nN6rGXIREUSnYjrEepl8QXg7yAqzI7jjo4O7PMzEay+Ct66qf0FBREr9FT/6ZRl8g8MHA457vMd7yAUaVt+9tKrKyurW8kN1Nb2zu7e+n9g7oSocSkhgUTsukhRRjlpKapZqQZSIJ8j5GGN7qe+o17IhUV/E6PA9L20YDTPsVIG6mbPq107Jzre+IhCgTlepKHLhZ8ACudyJnkyifQDZDUFDFYhvluOmMX7BngMnFikgExqt30l9sTOPQJ15ghpVqOHeh2NJ2IGZmk3FCRAOERGpCWoRz5RLWj2VkTmDVKD/aFNI9rOFP/dkTIV2rse6bSR3qo/ntT8dfLLqzS/ct2RHkQasLxfFM/ZFALOA0J9qgkWLOxIQhLaj4L8RBJhLWJMmVScP7fvEzqZwWnWCjenmdKV3EeSXAEjkEOOOAClMANqIIawOARPINX8GY9WS/Wu/UxL01Ycc8hWID1+QP2153O</latexit>

K0(point) ⇠= K1(I, @I) One-parameter deformation of Dirac operator
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#sol with + chirality #sol with - chirality

Index theorem
A@yah-Singer index

In the standard formula2on, we need a massless Dirac operator 
and its zero modes with definite chirality : 
But we will show that it is isomorphic to

<latexit sha1_base64="kjYHfdWWv10Gwqbl5WI0hzXOPIY=">AAACDnicZVDLSgMxFM34rPVVdekmWAsVSpkpoi6LDyi4qWAf0BlLJk3b0CQzJBmhDP0BV36KK0FB3Lp35d+YtoPY9sCFwzn3cu89fsio0rb9Yy0tr6yurac20ptb2zu7mb39ugoiiUkNByyQTR8pwqggNU01I81QEsR9Rhr+4GrsNx6JVDQQ93oYEo+jnqBdipE2Ujtz3Kq0bwrwugDdHuIcedClAt4+2HlX8jgMqNCjk3YmaxftCeAicRKSBQmq7cy32wlwxInQmCGlWo4dai9GUlPMyCjtRoqECA9Qj7QMFYgT5cWTb0YwZ5QO7AbSlNBwov6fiBFXash908mR7qt5byz+ebmZVbp74cVUhJEmAk83dSMGdQDH2cAOlQRrNjQEYUnNsRD3kURYmwTTJgVn/udFUi8VnbNi6e40W75M8kiBQ3AE8sAB56AMKqAKagCDJ/AC3sC79Wy9Wh/W57R1yUpmDsAMrK9f/NaaHg==</latexit>

[HE , D, �] � K0(point)

<latexit sha1_base64="YjXINF/5EEoqQa5sLcDrYA2DPos=">AAACEnicZVDLSgMxFM3UV62vqks3wVKoKGVGRF2KD1DcVLCt0BnLnTRtQ5PMkGSEUvoLrvwUV4KCuHXnyr8xfSC2HggczrmP3BPGnGnjut9OamZ2bn4hvZhZWl5ZXcuub1R0lChCyyTikboLQVPOJC0bZji9ixUFEXJaDTtnA7/6QJVmkbw13ZgGAlqSNRkBY6V6tlC7rF/sYb8FQkDhfFfsBNhnEl/fe4WrPT8GZRhwfLVTz+bcojsE/k+8McmhMUr17JffiEgiqDSEg9Y1z41N0BsMJJz2M36iaQykAy1as1SCoDroDS/q47xVGrgZKfukwUP1b0cPhNZdEdpKAaatp72B+OvlJ1aZ5nHQYzJODJVktKmZcGwiPMgHN5iixPCuJUAUs5/FpA0KiLEpZmwK3vTN/0llv+gdFg9vDnInp+M80mgLbaMC8tAROkGXqITKiKBH9Ixe0Zvz5Lw4787HqDTljHs20QSczx9e+pqy</latexit>

[HE , �(D +m)] 2 K
1(I, @I)

<latexit sha1_base64="/DU7F5CXultcA6b+fDo+6T1SMFY="></latexit>

m 2 [�M,M ] =: I



Eigenvalues of con1nuum massive Dirac operator                                

For   

For  
The eigenvalues are paired:

As                                              , we can write them

<latexit sha1_base64="Un4+JbZglY9f+FS62HtrBLuyQ5w="></latexit>

H(m)� = �5m� = ±|{z}
chirality

m�.

<latexit sha1_base64="xB8/Qb7fByYf8USI5X+i07FdwZ0="></latexit>

H(m)��m = �m��m

<latexit sha1_base64="ys4yt/hxhgLmflL5SQsWcDEmiBY="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)

<latexit sha1_base64="9VrjkXh8FliIK0db65pMfv7y/1k="></latexit>

Dcont.� = 0,

<latexit sha1_base64="C1zOs6/SizyO9kaJeYsZg5cuk3A="></latexit>

Dcont.� �= 0,
<latexit sha1_base64="RceVqc20tarmkq1E1nAHPOL5EGo="></latexit>

{H(m), Dcont.} = 0.

<latexit sha1_base64="cUWqxGtePaA8Opy/1c6FBsnH66g="></latexit>

H(m)Dcont.��m = ��mDcont.��m

<latexit sha1_base64="HC2Cd/tVPeAsF1yBVhHMiDhynSs="></latexit>

H(m)2 = �D2
cont. + m2

On a Euclidean even-dimensional manifold.



Spectrum of

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m
<latexit sha1_base64="ydVHfwsMll9ckACVphg1Q4KTDZw="></latexit>

M
<latexit sha1_base64="Voa4UOoCE1/DxRJ3sFQ5iWx33cI="></latexit>

�M

<latexit sha1_base64="JTvtEWe6Ys5Njh0YNad5Y2CEj8E="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="Ft/QDT4YnJkmQ21YTMYboomRRJo="></latexit>

�m = +m
<latexit sha1_base64="SVbgoWU1rNBWsxZAH+z7vIlhKTQ="></latexit>

�m = �m
<latexit sha1_base64="riQeoE1y7xssVSPXmdOMsTCJtS8="></latexit>

n+ modes
<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Spectral flow = A1yah-Singer index = η invariant
= # of zero-crossing eigenvalues from - to +

 = # of zero-crossing eigenvalues from + to -

           =: spectral flow of 

Equivalent to the eta invariant: whenever an eigenvalue 
crosses zero,
                               jumps by two.

<latexit sha1_base64="KW02skoib1LYEIc3sAmzN3EEM4I="></latexit>n+
<latexit sha1_base64="h64aapXiru0b91Y+vGAMb4iqmiY="></latexit>

n�
<latexit sha1_base64="H0yDG4rSBytwPnpSC4ts6qrr4EM="></latexit>n+ � n�

<latexit sha1_base64="/bRAc5/mE2Y+nChukySX3Jl53RE="></latexit>

H(m) m 2 [�M,M ]

<latexit sha1_base64="oF4MioKbRAgyZApMSAQIV+ZrUko="></latexit>

⌘(H(m))
<latexit sha1_base64="KCsPYKO8BopnMb4qMIYjqiKTt/c="></latexit>

1

2
⌘(H(M))� 1

2
⌘(H(�M)) = n+ � n�.

Pauli-Villars subtrac#on

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Suspension isomorphism in K theory

with chirality operator without chirality operator
point line=interval

Massless:
coun2ng index 
by points

Massive:
counting 
index by lines

⇨  The two defini2ons of the index agree.

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m
<latexit sha1_base64="ydVHfwsMll9ckACVphg1Q4KTDZw="></latexit>

M
<latexit sha1_base64="Voa4UOoCE1/DxRJ3sFQ5iWx33cI="></latexit>

�M

<latexit sha1_base64="JTvtEWe6Ys5Njh0YNad5Y2CEj8E="></latexit>

�m = ±
q

�2
0 +m2

<latexit sha1_base64="Ft/QDT4YnJkmQ21YTMYboomRRJo="></latexit>

�m = +m
<latexit sha1_base64="SVbgoWU1rNBWsxZAH+z7vIlhKTQ="></latexit>

�m = �m
<latexit sha1_base64="riQeoE1y7xssVSPXmdOMsTCJtS8="></latexit>

n+ modes
<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

<latexit sha1_base64="oxx7LI1093NXb1f2Mg+aITfAFd8=">AAACFXicZVBNSwJBGJ61L7Mvq2OXIRGUQnYjrKPUJfFikB/gqsyOow7Oziwzs5Es/ohO/ZROQUF07dCpf9OoS2Q+MPDwPO/HvI8XMKq0bX9biZXVtfWN5GZqa3tndy+9f1BXIpSY1LBgQjY9pAijnNQ01Yw0A0mQ7zHS8EbXU79xT6Sigt/pcUDaPhpw2qcYaSN10yeVjp1zfU88RIGgXE/y0MWCD2Cl4+TKp9ANkNQUMViG+W46YxfsGeAycWKSATGq3fSX2xM49AnXmCGlWo4d6HY0nYgZmaTcUJEA4REakJahHPlEtaPZUROYNUoP9oU0j2s4U/92RMhXaux7ptJHeqj+e1Px18surNL9y3ZEeRBqwvF8Uz9kUAs4jQj2qCRYs7EhCEtqPgvxEEmEtQkyZVJw/t+8TOpnBadYKN6eZ0pXcR5JcASOQQ444AKUwA2oghrA4BE8g1fwZj1ZL9a79TEvTVhxzyFYgPX5AxADnMI=</latexit>

K0(point) ⇠= K1(I, @I)



With chiral symmetry breaking regulariza4on (on a la7ce),  
coun4ng points (massless) is difficult but  coun4ng lines 
(massive) s4ll works.

Standard 
defini9on:
Where is 
m=0? 
What are zero 
modes?

Eta invariant:
If m= ± M points 
are gapped, we 
can s9ll count the 
crossing lines.

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

Note)  this fact is known even before 
overlap Dirac by Itoh-Iwasaki-Yoshie 
1982 and other literature, but its 
mathema#cal meaning was not 
discussed. See also Adams, Kikukawa-
Yamada, Luescher, Fujikawa, and Suzuki
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Dirac operator in con1nuum theory
E : Complex vector bundle
Base manifold M: 2n-dimensional flat torus T2n 
Fiber F : vector space of rank r with a HermiKan metric
ConnecKon :  Parallel transport with gauge field
D : Dirac operator on secKons of E

Chirality (Z2 grading) operator: 

<latexit sha1_base64="Qool3+onAH0t8BWi9SVsBbYt5jc="></latexit>

{�, D} = 0, {�, �i} = 0.

<latexit sha1_base64="PIrxyvTPQ7xR2/09INhrVbeH5q4="></latexit>

Dcont. = �i(�i + Ai)

<latexit sha1_base64="c9O4c0xiWe4mP1IN4zHg5fCXqpA="></latexit>

Ai

<latexit sha1_base64="cH7/NAOb0VSWDliq/YX1N36Y69Y="></latexit>

� = in
�

i

�i



LaCce link variables
We regularize T2n  is by a square laWce with laWce spacing              
(The fiber  is sKll conKnuous.)
We denote the bundle by          and
link variables : 

 

<latexit sha1_base64="Brn9X6P8snbqv1OA4zQrtVfenrU="></latexit>

a

<latexit sha1_base64="BfvW4/3bRzzRit4VYvEgtw7c8CM="></latexit>

Ea
Note: In our paper, we 
consider ”generalized 
link variables” to 
determine the gauge 
fields both in 
conLnuum and on a 
laMce simultaneously. 
But the standard 
Wilson line works, too. 
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Wilson Dirac operator on a laCce

Wilson term
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<latexit sha1_base64="ib9d5VZHa24t3AVvnG8hA0pJyYI="></latexit>

arf
i  (x) = Ui(x) (x+ ei)�  (x)

<latexit sha1_base64="KI45EOKX0fJvSz5tATYCXiIRfCY="></latexit>

arb
i (x) =  (x)� U†

i (x� ei) (x� ei)

* In mathema2cs, the Wilson term is 
important in that it guarantees the ellip2city. 



Defini;on of                      group
<latexit sha1_base64="kyhTmyOHrY2UPFBNQVvV+/rjoSg="></latexit>

K1(I, @I)

Let us consider a Hilbert bundle with 
   Base space         =  range of mass [-M, M]
   boundary          = ±M  points 
  Fiber  space            =  Hilbert space to which D acts
              : one-parameter family labeled by m.

We assume that           has no zero mode.
The group element is given by equivalence classes of the pairs:
               having the same spectral flow.
Note: K1 group does NOT require any chirality operator and
           does NOT disKnguish the conKnuum and laWce Hilbert spaces.
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I
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@I
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D±M
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H
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[(H, Dm)]



Defini;on of                      group
<latexit sha1_base64="kyhTmyOHrY2UPFBNQVvV+/rjoSg="></latexit>

K1(I, @I)

Group operaKon:

IdenKty element:

We  compare    and          
taking their difference, and confirm if the laWce-conKnuum combined 
Dirac operator

has Spectral flow =0  where                      are “mixing mass term” with 
some “nice” mathemaKcal properKes.
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[(H1, D1
m)] ± [(H2, D2

m)] = [(H1 � H2,

�
D1

m

±D2
m

�
)]



Main theorem
Consider a conKnuum-laWce combined Dirac operator

on the path P :                     

<latexit sha1_base64="6Hq1hHGZNxGmfp21PNxuQV2EUSw=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5KIqMeiF48t2A9oQ9lsJ+3SzSbsboQS+gs8CQri1Z/kyX/jtg1i7YOBx3szzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj0/aOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY/lopgn6ER1JHnJGjZWa0aBccWvuAmSdeDmpQI7GoPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6IxUrTIkYaxsSUMW6t+JjEZaT6PAdkbUjPV/by7+etWVVSa89TMuk9SgZMtNYSqIicn8bTLkCpkRU0soU9weS9iYKsqMDadkU/D+/7xO2pc177rmNa8q9bs8jyKcwTlcgAc3UIcHaEALGCA8wyu8ORPnxXl3PpatBSefOYUVOJ8/VhyNIg==</latexit>m<latexit sha1_base64="4e582fYwNEjinK/njFUWB87tDYU=">AAAB6nicZVDLSgNBEOz1GeMr6tHLYAgIQtgVUY9BL16EKOYByRJmJ73JkNnZZWZWCCF/4ElQEK/+kSf/xkmyiEkKGoqqbrq7gkRwbVz3x1lZXVvf2Mxt5bd3dvf2CweHdR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEMbid+4xmV5rF8MsME/Yj2JA85o8ZKj2f3nULRLbtTkGXiZaQIGaqdwne7G7M0QmmYoFq3PDcx/ogqw5nAcb6dakwoG9AetiyVNELtj6aXjknJKl0SxsqWNGSq/p8Y0UjrYRTYzoiavl70JuKfV5pbZcJrf8RlkhqUbLYpTAUxMZn8TbpcITNiaAllittjCetTRZmx6eRtCt7iz8ukfl72Lsvew0WxcpPlkYNjOIFT8OAKKnAHVagBgxBe4A3eHeG8Oh/O56x1xclmjmAOztcvi+ONNw==</latexit>

+M
<latexit sha1_base64="IT/qdF8qNdPW8g6Igjw4i2w08WY=">AAAB6nicZVDLSgNBEOz1GeMr6tHLYAh4MeyKqMegFy9CFPOAZAmzk95kyOzsMjMrhJA/8CQoiFf/yJN/4yRZxCQFDUVVN91dQSK4Nq7746ysrq1vbOa28ts7u3v7hYPDuo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGtxO/8YxK81g+mWGCfkR7koecUWOlx7P7TqHolt0pyDLxMlKEDNVO4bvdjVkaoTRMUK1bnpsYf0SV4UzgON9ONSaUDWgPW5ZKGqH2R9NLx6RklS4JY2VLGjJV/0+MaKT1MApsZ0RNXy96E/HPK82tMuG1P+IySQ1KNtsUpoKYmEz+Jl2ukBkxtIQyxe2xhPWposzYdPI2BW/x52VSPy97l2Xv4aJYucnyyMExnMApeHAFFbiDKtSAQQgv8AbvjnBenQ/nc9a64mQzRzAH5+sXju+NOQ==</latexit>�M

<latexit sha1_base64="cTYYXtw9BuSKCBJ0TbO3aLndpQI=">AAAB6XicZVBNS8NAEN3Ur1q/qh69LJaCp5KIqMeiF48t2A9oQ9lsJ+3SzSbsToQS+gs8CQri1Z/kyX/jtg1i7YOBx3szzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxydtE6eaQ4vHMtbdgBmQQkELBUroJhpYFEjoBJP7ud95Am1ErB5xmoAfsZESoeAMrdTEQbni1twF6DrxclIhORqD8ld/GPM0AoVcMmN6npugnzGNgkuYlfqpgYTxCRtBz1LFIjB+tjh0RqtWGdIw1rYU0oX6dyJjkTHTKLCdEcOx+e/NxV+vurIKw1s/EypJERRfbgpTSTGm87fpUGjgKKeWMK6FPZbyMdOMow2nZFPw/v+8TtqXNe+65jWvKvW7PI8iOSPn5IJ45IbUyQNpkBbhBMgzeSVvzsR5cd6dj2VrwclnTskKnM8fYL+NKQ==</latexit>
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Main theorem
There exists  a finite laWce spacing        such that for any   

    
               
is inverKble (having no zero mode) on the staple-shaped path P  
[which is a sufficient condiKon for Spec.flow=0]
⇨                  have the same spec.flow

⇨  
<latexit sha1_base64="EpwO8eKCtj59htVEnj/O+j+LuzQ="></latexit>

1

2
⌘(�(D �M))PV reg. =

1

2
⌘(�(DW �M))

The conKnuum and laWce indices agree.

<latexit sha1_base64="Ie4zpiZ15MY9ajiGmdjVLfKbTk4=">AAAB63icZVDLSgNBEOyNrxhfUY9eBkPAU9gVUY9BLx4jmgckS5idzCZD5rHMzAphySd4EhTEq1/kyb9xkixiTEFDUdVNd1eUcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtWENoniSncibChnkjYts5x2Ek2xiDhtR+Pbmd9+otowJR/tJKGhwEPJYkawddID7vv9csWv+XOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5qdOUdUpAxQr7UpaNFf/TmRYGDMRkesU2I7Mf28m/nrVpVU2vg4zJpPUUkkWm+KUI6vQ7HE0YJoSyyeOYKKZOxaREdaYWBdPyaUQ/P95lbTOa8FlLbi/qNRv8jyKcAKncAYBXEEd7qABTSAwhGd4hTdPeC/eu/exaC14+cwxLMH7/AFoJ425</latexit>a0
<latexit sha1_base64="oyXboPXvfdp5mH5YTJUJC2mUKvM=">AAAB7XicZVBNS8NAEJ3Ur1q/qh69BEvBU0lE1IOHohePFUxbaEOZbDft0s1u2N0IpfQ3eBIUxKs/yJP/xm0bxNoHA4/3ZpiZF6WcaeN5305hbX1jc6u4XdrZ3ds/KB8eNbXMFKEBkVyqdoSaciZoYJjhtJ0qiknEaSsa3c381hNVmknxaMYpDRMcCBYzgsZKAd5gz+uVK17Nm8NdJX5OKpCj0St/dfuSZAkVhnDUuuN7qQknqAwjnE5L3UzTFMkIB7RjqcCE6nAyP3bqVq3Sd2OpbAnjztW/ExNMtB4nke1M0Az1f28m/nrVpVUmvg4nTKSZoYIsNsUZd410Z6+7faYoMXxsCRLF7LEuGaJCYmxAJZuC///nVdI8r/mXNf/holK/zfMowgmcwhn4cAV1uIcGBECAwTO8wpsjnRfn3flYtBacfOYYluB8/gCi045q</latexit>

a < a0
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�(Dcont. + m), �(DW + m)

In our work, the proof is 
given by contradic9on.



Numerical test
We consider a two-dimensional 
square laWce (cont. limit= torus) 
We set link variables as

Then every green plaquete has a 
constant curvature

so that geometrical index will be Q.
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<latexit sha1_base64="VaDCsq8Xbf+84QZ0tjMKQWBovmc="></latexit>

others = 1.

This constant curvature background can be extended to any 
even dimensions with SU(N) gauge connec#ons  
[Cf. Hamanaka-Kajiura 2002].
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Massive Wilson Dirac 

with periodic b.c. in x-direc2on and  an2-periodic b.c. in y 
direc2on. We set L=33 and L1=10.

We compute near-zero eigen-spectrum
changing the mass   

<latexit sha1_base64="ib9d5VZHa24t3AVvnG8hA0pJyYI="></latexit>
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Wilson Dirac spectrum at Q=0

There is no 
zero crossing : 
index=0.
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HW (s) = �(DW � sM)
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M = 1/a



Wilson Dirac spectrum at Q=-2

There is two 
crossings from 
nega9ve to 
posi9ve: 
index=-2.
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<latexit sha1_base64="hS+MO0ygSMUDBUrky5XpAxIydDw="></latexit>
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Grada$on 
represents
the chirality 
expecta$on 
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h�|�|�i

<latexit sha1_base64="0lIMOtoIvgcfKt/5VRCGs8fKGUU=">AAAB/3icZVBNS8NAEN3Ur1q/ouLJy2IptAdLIqJehKIeehEq2KbQhrDZbtqlu0nY3Qgl9OBP8SQoiFd/hyf/jds2iG0fDDzem2Fmnh8zKpVl/Ri5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0faRJIyGpKmoYqQdC4K4z4jjD28nvvNEhKRR+KhGMXE56oc0oBgpLXnmUd1zyrJy3e0jzlH5znNO5X3FM4tW1ZoCLhM7I0WQoeGZ391ehBNOQoUZkrJjW7FyUyQUxYyMC91EkhjhIeqTjqYh4kS66fT8MSxppQeDSOgKFZyq/ydSxKUccV93cqQGctGbiH9eaW6VCq7clIZxokiIZ5uChEEVwUkYsEcFwYqNNEFYUH0sxAMkEFY6soJOwV78eZm0zqr2RdV+OC/WbrI88uAYnIAysMElqIE6aIAmwCAFL+ANvBvPxqvxYXzOWnNGNnMI5mB8/QJR5ZRE</latexit>

HW (s) = �(DW � sM) <latexit sha1_base64="SSu67dfw+32w0UlGWyc2cxdmroc=">AAAB7XicZVBNSwMxEJ2tX7V+VT16CZaCp7orol6EohcvQgW3LbRLyabZNjSbLElWKEt/gydBQbz6gzz5b0zbRax9MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLVBHqE8mlaodYU84E9Q0znLYTRXEcctoKR7dTv/VElWZSPJpxQoMYDwSLGMHGSv79tXeKe+WKW3NnQMvEy0kFcjR65a9uX5I0psIQjrXueG5iggwrwwink1I31TTBZIQHtGOpwDHVQTY7doKqVumjSCpbwqCZ+nciw7HW4zi0nTE2Q/3fm4q/XnVhlYmugoyJJDVUkPmmKOXISDR9HfWZosTwsSWYKGaPRWSIFSbGBlSyKXj/f14mzbOad1HzHs4r9Zs8jyIcwTGcgAeXUIc7aIAPBBg8wyu8OdJ5cd6dj3lrwclnDmEBzucPPayOKA==</latexit>

M = 1/a



Our la4ce reproduces the A@yah-Singer index 
theorem on a torus.
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This agrees with the overlap Dirac index.
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By 
for sufficiently small la2ce 
spacings

Wilson Dirac operator is  equally good as Dov to 
describe the index (or maybe beSer).
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Suspension 
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K1(I, �I)(so far) limited 
to even-
dimensional
flat torus. 

K theory knows how to extend the formulaKon to the systems 
(where chiral symmetry is absent or difficult ) with (curved) 
boundaries and/or mod-two version in arbitrary dimensions.



Periodic b.c. 

Open b.c. (Shamir domain-wall fermion) we can show

Kaplan’s DWF gives the same index.
Cf.) overlap Dirac op. is missing because Ginsparg-Wilson relaKon is broken by 
the boundary [Luescher 2006].

AUyah-Patodi-Singer index on a manifold with boundaries
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[F, Furuta, Matuso, Onogi, Yamaguchi, 
Yamashita 2019].

[perturba$ve test  by F, Kawai, Matsuki, Mori, 
Nakayama, Onogi, Yamaguchi 2019
Mathema$cal proof ongoing.].

A9yah-Patodi-Singer(APS) index !



boundary bulk

* example of 4-dimensional 
flat Euclidean space with boundary at x4=0.

curvature

AUyah-Patodi-Singer index theorem [1975]



Numerical test on a 2D disk 
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We put a circular curved  domain-
wall : m=-s/a inside, m=+1/a outside 
and change s from -1 to 1.

We put U(1) flux Q’ and numerically 
check if the APS index theorem

holds or not.

L=33, DW radius=10, flux radius=6.
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[Cf. Aoki-F, 2022,2023]



Dirac spectrum on a 2D disk 
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Edge-localized 
chiral :

 modes appear on 
the 1-dimensional 
circle domain-wall
= the source of 
boundary eta 
invariant.

<latexit sha1_base64="k5PDpzql2JwE1NXLItK+9KohiH0="></latexit>

�1

2
�(iD1D) = 0.

<latexit sha1_base64="l5XfAKo7PUr6GHTno4SmBX12ZA0="></latexit>

�1

2
�(iD1D) = �0.25

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.6-0.4-0.2 0 0.2 0.4 0.6

Q'=2

λ

flow time s
-0.6-0.4-0.2 0 0.2 0.4 0.6

Q'=-1.75

flow time s

-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1

σ r
ch
ira
lit
y

Consistent with 
the APS
Index theorem.
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�r = (�1x+ �2y)/r ⇠ 1



The boundary eta invariant (details) 
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Con9nuum result for 
1D Dirac eigenvalues on a circle

Gravity 
(Spinc connec#on)

Aharonov-Bohm effect

<latexit sha1_base64="hvj4sOqaMcugfrk6RZUAkYfOTaU="></latexit>

�j =
1

r0

✓
j+

1

2
�Q0

◆

<latexit sha1_base64="I6CSI5AMYqQMIRnjAoDaPjKRydw="></latexit>

�1

2
⌘(iD1D) = �1

2
lim
s!0

X

�

�j

|�j |1+s
= [Q0]�Q0

<latexit sha1_base64="ivgysHzO6Ctwc9lh3D50gTyFR3E=">AAACDnicZZDLSsNAFIYn9VbrLerSzWAVXZVERN0I9bLQXYu2Ck0ok+mkHTqZhJkToYS+gCsfxZWgIG7du/JtnF4Qa38Y+PjPOZw5f5AIrsFxvq3czOzc/EJ+sbC0vLK6Zq9v1HWcKspqNBaxug+IZoJLVgMOgt0nipEoEOwu6F4M6ncPTGkey1voJcyPSFvykFMCxmraO5mnInwtW/3L5hDPKjf9U0+wEBrVPU/xdgf8pl10Ss5QeBrcMRTRWJWm/eW1YppGTAIVROuG6yTgZ0QBp4L1C16qWUJol7RZw6AkEdN+Nrymj3eN08JhrMyTgIfu34mMRFr3osB0RgQ6+n9tYP7WdidWQXjiZ1wmKTBJR5vCVGCI8SAb3OKKURA9A4Qqbj6LaYcoQsEkWDApuP9vnob6Qck9KrnVw2L5fJxHHm2hbbSPXHSMyugKVVANUfSIntErerOerBfr3foYteas8cwmmpD1+QM1x5t6</latexit>

IndDAPS = [Q0] Gauss symbol: the biggest integer 
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[2] = 2, [�1.75] = �2.

[ Aoki-F, 2022,2023]



Real Dirac operators and the mod-two index
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K1(I, �I)

For complex Dirac operators,  we have shown

For real Dirac operators, for example, in SU(2) gauge theory 
in 5D (origin of Wimen anomaly),  we obtain the mod-2 spectral flow:

<latexit sha1_base64="xywfooe9A8FI7SC97opa2PcORS4="></latexit>

�1

2

�
1 � sgn det

�
DW � M

DW + M

��
= �1

2

�
1 � sgn det

�
Dcont. � M

Dcont. + M

��

<latexit sha1_base64="LDJQGfgav3CMGtOEmgsbDPffsCU="></latexit>
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But there is no overlap Dirac counterpart. 
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[F, Furuta, Matsuki, Matuso, Onogi, Yamaguchi, 
Yamashita 2020].



Mod-two index and mod-two spectral flow
Two types of the mod-two index
1. number of zero modes of real an2-Hermi2an operator

2. number of zero mode pairs of real an2-Hermi2an operator
  

For both cases,  we can consider massive operator family

and  the mod-two spectral flow = number of pairs of zero-
crossings agrees with the original index.
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Numerial test for Majorana 
S1 domain-wall fermion
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Mass change inside the domain-wall
=disk

Mass change outside the domain-wall
= torus with a S1 hole.

The con$nuum mod-two APS index = 0
and 1 respec$vely.

Free Wilson Dirac operator is real:
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Majorana Dirac spectrum

mod-two 
spectral flow 
agrees with the 
mod-two APS 
index.
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Len panel :
 -sM inside  S1 DW
Right : 
 -sM outside S1 DW
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We revisit the la2ce index theorem with a K-theore$c treatment of  Wilson Dirac op.
2. LaWce chiral symmetry and the overlap Dirac index (review)

great but equivalent  to the eta invariant of the massive Wilson Dirac op.
3. K-theory 

classifies the vector bundles.  K1(I, ∂I) is important in this work.
4. Massless Dirac (K0  group)  vs. massive Dirac (K1 group) in conKnuum
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The massive Wilson Dirac operator can be iden9fied as a 
mathema9cal object in K-theory and the associated spectral flows 
describe various index formulas. 

In our formulaKon, 
• chiral symmetry (GW relaKon) is NOT necessary,

(besides, it agrees with the overlap index on periodic laWces)
• boundaries can be introduced by domain-walls,
• domain-walls can be flat/curved (with gravitaKonal background),
• formulated in arbitrary dimensions,
• standard/mod-two versions  treated in a unified way.

Summary



* “existence” of sufficiently small la@ce spacing -> more clear-cut 
admissibility condi9on?

*  flat bulk + curved domain-wall -> curved bulk and domain-wall by 
higher codimensional defects?

* Unorientable manifolds? (Araki, F, Onogi, Yamaguchi ongoing)

* How about physicist friendly eta invariant ?

Outlook



Backup slides
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maps from finite-dimensional Hilbert space on a discrete laWce to infinite-
dimensional conKnuum one :

                   : parallel transport (or Wilson line) to ensure the gauge invariance.
                   : weight funcKon (mulK-) linearly interpolaKng the nearest-neighbors. 
To control the norm before/awer the map, it saKsfies
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fa�(x) := an
X

z2lattice sites

⇢a(x� z)U(x, z)�(z).
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⇢a(x� z) = 1.
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Is defined by

 

Note)               is not the idenKty but smeared around nearest-neighbor sites. 
(The gauge invariance is maintained by the Wilson lines.)
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⇢a(z � x)U(x, z)�1 1(x)d
nx.



Con;nuum limit of 

1. For arbitrary                  
               weakly converges to a 
   where     js a subspace of                 where the elements and their first deriva$ves are 
square integrable. 

2.                                                  weakly converges to  
             
3.  There exists c s.t. 

4. For any ,
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LaCce link variables
We regularize T2n  is by a square laWce with laWce spacing              
(The fiber  is sKll conKnuous.)
We denote the bundle by          and
link variables : 

 *) When a patch-overlap is on the way of the Wilson line,
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Ea
Note: In our paper, we 
consider ”generalized 
link variables” to 
determine the gauge 
fields both in 
conLnuum and on a 
laMce simultaneously. 
But the standard 
Wilson line works, too. 
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Uk(x) = P exp


i

Z a

0
Ak(x

0 + ekl)dl

�
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i

Z y

0
A1

k(x+ ekl)dl

�
g12(x+ eky)P exp


i

Z a

y
A2

k(x+ ekl)dl

�

Transi#on func#on
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We can show



K-theory for la4ce gauge theory 

We discuss topology of la=ce gauge theory using K-theory.

K-theory in condensed mader physics is oeen used  in 
momentum space.

But in this talk, we discuss it in a discrete posi2on space.
 - we do not assume transla2onal invariance -
We believe our work is nontrivial both in physics and 
mathema2cs.



Ellip1c es1mate
In con&nuum theory, For any      and i,  
a constant c exists such that

When a covariant deriva&ve is large, D is also large.
This property is nontrivial on a la=ce.

Without Wilson term, doubler modes would  have small Dirac eigenvalue with 
large wave number.
->   Wilson term is mathema&cally important to make the Dirac operator ellip&c.
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Proof (by contradic;on)
Assume 

has  zero mode(s) at arbitrarily small laWce spacing.
⇨  For a decreasing series of

 

is kept.
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Con;nuum limit

MulKplying                                  and taking the conKnuum limit 

is obtained.

requires 
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faj

◆

are 
            weakly convergent
=   
            strongly convergent
(Rellich’s theorem)
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Contradic9on with                                along the path P.
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What are the weak convergence and 
strong convergence?

The sequence     weakly converges to
when for arbitrary  

Note)                                                is weakly convergent. 

Strong convergence means

Rellich’s theorem:
            weak convergence =    convergence
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