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同位体シフト(IS)とキングの線形性 King, 1963

electronic factors nuclear factor

Modified IS:
<latexit sha1_base64="EjsIeOyUwfFqxMCTHUZZhIFn3VE="></latexit>

= Kt + Fthr2iA0A/µA0A

<latexit sha1_base64="NlaDcQcUleNRGznDx8UsYrG1Beg="></latexit>

⌫̃(t)A0A := ⌫(t)A0A/µA0A

King’s linearity: eliminating the nuclear factor
<latexit sha1_base64="GAQ4aHBSlQKIEB9f1nXNSBlfgGw="></latexit>

K21 := K2 � F21K1 , F21 := F2/F1

<latexit sha1_base64="blIKqv5kI0jTtkO/3YIrWvC4NOU="></latexit>

⌫̃(2)A0A = K21 + F21⌫̃
(1)
A0A

on a straight line, King’s plot
<latexit sha1_base64="JEkrjk1XP8hhNCrfBKH8Q5BGDts="></latexit>

(⌫̃(1)A0A, ⌫̃
(2)
A0A)

IS of two transitions:

mass shift (MS) field shift (FS)
<latexit sha1_base64="g6Ishi7zebFSX13/TmGeqIl14Fo="></latexit>

hr2iA0A := hr2iA0 � hr2iA

<latexit sha1_base64="4uEfR+0rLeekr9wmesOzk1j9xoo="></latexit>

µA0A := 1/mA0 � 1/mA

<latexit sha1_base64="L2tSVxIWts9nzfyeLppfJcXYBSY="></latexit>

t = 1, 2
<latexit sha1_base64="8QWfRF9RfW5XzGWOlnCWnYB81bw="></latexit>

⌫(t)A0A = KtµA0A + Fthr2iA0A

�
⌫
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線形性の破れ

MS FS particle shift (PS)

IS by new neutron-electron interaction Delaunay et al.  arXiv:1601.05087v2

Xt(A
0 �A)

(Z,A)

ege

gN

X
<latexit sha1_base64="lWmmRkOl56abPAqnb7063A69Rtg="></latexit>

<latexit sha1_base64="QksNAxqFabcXdAj+gch+z9fICQY="></latexit>

⌫(t)A0A = KtµA0A + Fthr2iA0A+

Nonlinearity due to subleading FS
<latexit sha1_base64="7CUQ9aRfXdlDNhkJbPOwGejEl0U="></latexit>

FS = Fthr2iA0A + F 0
t [hr2iA0A]

2 +Gthr4iA0A + · · ·
quadratic FS higher moment

<latexit sha1_base64="q6h5emrAYpyz2QydJzFhk9MOBE8="></latexit>

[hr2iA0A]
2 := (hr2iA0A0)

2 � (hr2iAA0)
2
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PTEP 2020, 103B02 M. Tanaka and Y. Yamamoto

Fig. 3. The constraints on the mediator mass and couplings compared with other experiments/observations.
The top left-hand (top right-hand) panel is the Ca+ case of a scalar (vector) mediator. The bottom-left (bottom-
right) panel is theYb+ case of a scalar (vector) mediator. The red and blue solid lines are the same as Fig. 2. The
grey shaded regions left of the line at about 100 eV in all the panels are excluded by the fifth force search [21,22].
The shaded regions above the orange lines are the excluded regions by combining the neutron scattering data
[28–30] and several constraints on ge [23–27]. The left-hand sides of the brown lines are constrained by the
stellar cooling [31], but there is an uncertainty above the brown dotted lines [32]. The black vertical bars in the
right-hand panels show the coupling range suggested by the 17 MeV Atomki anomaly [33–36]. In the regions
below the red (Ca+) and blue (Yb+) dashed lines, the FS nonlinearity dominates over the PS nonlinearity. See
the main text for more details.

regions bounded from below by the orange lines indicate the regions excluded by the electron g − 2
measurement [23,24], the dark photon search at BaBar [25], and the beam dump experiments [26,27],
combined with the neutron scattering experiments [28–30].5 The BaBar result is relevant in the mass
region above 20 MeV for the vector mediator. The beam dump experiments are applied in the region
between 100 keV (1 MeV) and ∼ 10 MeV for the case of a scalar (vector) mediator assuming no
invisible decay modes of the mediator. The electron g −2 is used in the rest of the mass region of the

5 The constraints by the fifth force, (g − 2)e and the neutron scattering were first applied in the present
context in Ref. [3].
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Ex. Yb+

5th
force

n scattering

(g � 2)e
&

FSNL dominance:
�⌫ . 1 kHz

<latexit sha1_base64="nIjNxQiTTwqIT13WyvNF0yxHZ4Q="></latexit>

MT, Y.Yamamoto  PTEP 103B02 (2020)

SMの非線形性をどうする？
高精度計算は難しい．

Martensson-Pendrill et al.  PRA49, 3351 (1994)Transition 1: 369 nm
2P1/2(4f)

14(6p)�2 S1/2(4f)
14(6s) �⌫

1
A0A ⇠ O(1) MHz

Transition 2: 935 nm
3D[3/2]1/2(4f)

13(5d)(6s)�2 D3/2(4f)
14(5d)

Sugiyama et al.  CPEM2000

�⌫
2
A0A ⇠ O(10) MHz

<latexit sha1_base64="S0uuUCVU8GSJ5Db2cavcGiWQEU0="></latexit>

�⌫ ⇠ 10 MHz

<latexit sha1_base64="pRyaLJfDEhXPSJcwSetScbXaaL0="></latexit>

�⌫ ⇠ 1 Hz

FSNL

Yb+ bounds

(SM BG)
<latexit sha1_base64="Jx5mLZlCmA3D5/pI6WleErGYn68="></latexit>

hr4i
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一般化線形性 K. Mikami, MT, Y.Yamamoto EPJC77:896 (2017)

3 transitions: t=1, 2, 3
<latexit sha1_base64="OWah8FElvcQTavEytUPyebDhCr8="></latexit>0

BB@

⌫(1)A0A �X1(A0 �A)

⌫(2)A0A �X2(A0 �A)

⌫(3)A0A �X3(A0 �A)

1

CCA =

0

B@

K1 F1 F 0
1

K2 F2 F 0
2

K3 F3 F 0
3

1

CA

0

B@

µA0A

hr2iA0A

[hr2iA0A]2

1

CA =: M

0

B@

µA0A

hr2iA0A

[hr2iA0A]2

1

CA

<latexit sha1_base64="1a7wdCsaDdXhc4IL6BQL3ol8PKY="></latexit>

(M�1)11⌫
(1)
A0A + (M�1)12⌫

(2)
A0A + (M�1)13⌫

(3)
A0A

� {(M�1)11X1 + (M�1)12X2 + (M�1)13X3}(A0 �A) = µA0A

<latexit sha1_base64="HoXwaTjTWQjZuTSTo2v2tdqMq6k="></latexit>

(⌫(1)A0A, ⌫
(2)
A0A, ⌫

(3)
A0A)/µA0A on a plane if 

<latexit sha1_base64="mUM+BNBjwgnioaPOJBfyNBUImoQ="></latexit>

Xt = 0

NP search with n-2 FSNL’s removed n transitions and n+1 IS pairs 

<latexit sha1_base64="w+Ry940MQVSR0gerzDdXS/GBcws="></latexit>

⌫(t)A0A = KtµA0A + Fthr2iA0A + F 0
t [hr2iA0A]

2 +Xt(A
0 �A)

QFS PS
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実験の進展

evidence for nonlinearity

spin s, mass mϕ, and reduced Compton wavelength ƛc ¼
ℏ=ðmϕcÞ [9,24].
For heavy elements like Yb, the first term in Eq. (1)

associated with the change in nuclear size δhr2i [“field
shift” (FS)] dominates, while the second term is due to the
electron’s reduced mass and momentum correlations
between electrons (“mass shift”). According to our elec-
tronic-structure calculations (see below), the third (QFS)
term associated with the square of nuclear size ½δhr2i2%ji
represents the leading-order nonlinearity [23,24] within the
SM for Yb. The last term describes the isotope shift due to

the Yukawa-like potential associated with the new boson ϕ.
The quantities F, K, G, D are determined by the electronic
wave functions of the transition [9,10,24]; see the
Supplemental Material [33]. Note that the effect of the
next-leading order Seltzer moment [24,67] associated with
δhr4i is absorbed into the QFS term; see the Supplemental
Material [33].
The first two terms in Eq. (1) lead to a linear relationship

between the isotope shifts (King plot [15]) when one
considers two different transitions α, β,

¯̄νβji ¼ Kβα þ Fβα ¯̄ναji þ Gβα½δhr2i2%ji þ υneDβα ¯̄aji: ð2Þ

Here we define Fβα ≡ Fβ=Fα, Pβα ≡ Pβ − FβαPα for
P ∈ fK;G;Dg, while ¯̄zji ≡ zji=μji for z ∈ fνα; νβ;;
½δhr2i2%; ag is the inverse-mass-normalized quantity. For
our purposes, where the FS dominates, the influence
of mass and frequency errors is more transparent if
we instead write a modified linear relationship for the
frequency-normalized quantities x̄ji ≡ xji=ναji for x ∈
fνβ; μ; ½δhr2i2%; ag,

ν̄βji ¼ Fβα þ Kβαμ̄ji þ Gβα½δhr2i2%ji þ υneDβαāji: ð3Þ

To analyze the experimental results in this work, the
transitions and isotopes are assigned as follows: α ¼
2S1=2 → 2D5=2 (411 nm), β ¼ 2S1=2 → 2D3=2 (436 nm), j ∈
f168; 170; 172; 174g with i ¼ jþ 2, and l ¼ 172.
The inset in Fig. 2(a) confirms the general linear

relationship for the inverse-mass-normalized isotope shifts
in a standard King plot corresponding to Eq. (2) for the
two transitions α and β. However, when we zoom in by a
factor of 106 [main Fig. 2(a)], we observe a small deviation
from linearity, in the range 0.5–1 kHz in frequency units
for a given data point. The frequency-normalized King
plot associated with Eq. (3), as displayed in Fig. 2(b),
illustrates that due to the smallness of the slope, i.e., the
mass-shift electronic factor Kβα, the mass error along the
horizontal axis μ̄ji has a negligible effect. For all points
taken together, the nonlinearity is nonzero at the level of 3σ
(see the Supplemental Material [33]).
With four independent isotope pairs, we can quantify

not only the magnitude of the nonlinearity, but also an
associated pattern further characterizing the nonlinearity.
To this end, we introduce two dimensionless nonlinearity
measures

ζ' ≡ d168 − d170 ' ðd172 − d174Þ; ð4Þ

where dj ≡ ν̄βji − fðμ̄jiÞ are the vertical deviations of the
four data points ν̄βji in Fig. 2(b) from the linear fit f. ζþ
and ζ− characterize the two possible nonlinearities for
four data points, a zigzag shape with deviation pattern
þ − þ −, and a curved nonlinearity with deviation
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FIG. 2. (a) Standard King plot [Eq. (2)] for α ¼ 411 nm,
2S1=2 → 2D5=2, and β ¼ 436 nm, 2S1=2 → 2D3=2 transitions for
pairs of neighboring even Ybþ isotopes. The inset shows the full
King plot. The main figure is zoomed into the data points by a
factor of 106. A deviation from linearity (red line) by 3 standard
deviations σ is observed. The larger diagonal uncertainty for the
(168,170) pair is due to the larger mass uncertainty for the 168Ybþ

isotope [30–32] (see the Supplemental Material [33]). (b) Fre-
quency-normalized King plot [Eq. (3)] and residuals. The error
bars and error ellipses indicate 1σ.
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<latexit sha1_base64="9f+ZiRQBKNAPmcCmJrI36SGFoag="></latexit>

�2/dof = 11.7/2
<latexit sha1_base64="wR6ESJNfLWXEerXw/FY63F9LHQo="></latexit>

p = 0.0029

pattern þ − − þ, respectively. Any given nonlinearity
can be represented by a point in the ζþζ− plane [see
Fig. 3(a)]. A nonlinearity that arises from the coupling of
the ϕ boson to the neutron number corresponds to a fixed
nonlinearity pattern and hence a given line through the
origin (see the Supplemental Material [33]). The same
argument holds for the QFS. Our observed nonlinearity lies
close to both lines representing pure coupling to a new
boson and the QFS, respectively. The experimental uncer-
tainty region in Fig. 3(a) can be decomposed into its
possible QFS and new-boson components, as shown in
Fig. 3(b). It highlights the relative contributions of the two
sources of nonlinearity, ranging from pure new boson to
pure QFS contribution at the current level of uncertainty.
With increased measurement precision, it will be possible
to separate the two contributions.
In order to convert the observed nonlinearity, as repre-

sented by ζ", into a physical quantity such as the coupling
υne, we need to determine the associated electronic wave
functions. To cross-check our numerical simulations for
systematic errors, we use two different methods, the Dirac-
Hartree-Fock method [68,69] followed by the configuration
interaction (CI) method [70–73], using the software pack-
age GRASP2018 [74], and many-body perturbation theory
(MBPT) [75] implemented in AMBiT [76]. We calculate
FCI
βα ¼ 1.0153 and FMBPT

βα ¼ 1.0121, within 0.2% and
0.07% of our experimental value Fexp

βα ¼1.01141024ð86Þ,
respectively. For the mass shift, that is more difficult to
calculate accurately; we find KCI

βα ¼ 65 GHz · u (see the

Supplemental Material [33]), within a factor of 2 from the
experimental value Kexp

βα ¼ 120.208ð23Þ GHz · u. The cal-
culated wave functions in combination with the measured
frequency shift can also be used to extract the nuclear size
difference δhr2i (see the Supplemental Material [33]), in
good agreement with other results [64]; see Table I. We also
calculateGCI

βα ¼ 232 kHz=fm4 andGMBPT
βα ¼ −36 kHz=fm4

for the QFS, indicating a large systematic uncertainty in
the calculation of this small term. The experimentally
constrained range in Fig. 3(b) (24–94 kHz=fm4) (see the
Supplemental Material [33]) lies between the two calculated
values.
Using the electronic-structure calculations, we can deter-

mine a boundary on the new-boson coupling from our data.
Figure 4 shows the upper bound on the product of couplings
jyeynj. It is obtained by dividing the experimental value of
υneDβα from Fig. 3(b) (determined with the assumption
that the effect of the new boson dominates the nonlinearity;
i.e., Gβα ¼ 0), by ð−1Þsþ1DβαðmϕÞ=ð4πℏcÞ from the
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FIG. 3. (a) Nonlinearity measure ðζþ; ζ−Þ for next-neighbor
isotope pairs. The red shaded region indicates the 95% confidence
interval from our data. The green solid line and the blue dashed
line indicate the required ratio ζ−=ζþ if the nonlinearity is purely
due to a new boson ϕ and the QFS, respectively. (b) Experimental
nonlinearity measure along the axes of a new boson (x-axis) and
the QFS (y-axis).
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FIG. 4. Product of couplings jyeynj of a new boson vs boson
mass mϕ (bottom) and reduced Compton wavelength (top),
plotted under the assumption that the observed nonlinearity in
Fig. 3 is dominated by the new boson. The solid line is for the CI
calculation, and the dashed line is for the MBPT calculation. If
the nonlinearity has a contribution from the QFS, then jyeynj lies
below this line. The gray shade indicates the region inside the
nucleus. The sign of yeyn is color-coded: red for −ð−1Þs and blue
for þð−1Þs for a spin-s boson. The 95% confidence intervals
from the statistical uncertainty in the measured isotope shift are
shown as shaded areas along the solid line. The systematic
uncertainty due to the wave function calculation is much larger,
especially in the high-mass region. The thick green line indicates
the preferred coupling range for the X17 boson from the Be/He
anomaly [16–21]. The yellow shaded area shows the constraint
from electron ge − 2 measurements [77–81] combined with
neutron scattering measurements [82–85] (from Ref. [10]).
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new physics? SM vs NP nonlinerities

pattern þ − − þ, respectively. Any given nonlinearity
can be represented by a point in the ζþζ− plane [see
Fig. 3(a)]. A nonlinearity that arises from the coupling of
the ϕ boson to the neutron number corresponds to a fixed
nonlinearity pattern and hence a given line through the
origin (see the Supplemental Material [33]). The same
argument holds for the QFS. Our observed nonlinearity lies
close to both lines representing pure coupling to a new
boson and the QFS, respectively. The experimental uncer-
tainty region in Fig. 3(a) can be decomposed into its
possible QFS and new-boson components, as shown in
Fig. 3(b). It highlights the relative contributions of the two
sources of nonlinearity, ranging from pure new boson to
pure QFS contribution at the current level of uncertainty.
With increased measurement precision, it will be possible
to separate the two contributions.
In order to convert the observed nonlinearity, as repre-

sented by ζ", into a physical quantity such as the coupling
υne, we need to determine the associated electronic wave
functions. To cross-check our numerical simulations for
systematic errors, we use two different methods, the Dirac-
Hartree-Fock method [68,69] followed by the configuration
interaction (CI) method [70–73], using the software pack-
age GRASP2018 [74], and many-body perturbation theory
(MBPT) [75] implemented in AMBiT [76]. We calculate
FCI
βα ¼ 1.0153 and FMBPT

βα ¼ 1.0121, within 0.2% and
0.07% of our experimental value Fexp

βα ¼1.01141024ð86Þ,
respectively. For the mass shift, that is more difficult to
calculate accurately; we find KCI

βα ¼ 65 GHz · u (see the

Supplemental Material [33]), within a factor of 2 from the
experimental value Kexp

βα ¼ 120.208ð23Þ GHz · u. The cal-
culated wave functions in combination with the measured
frequency shift can also be used to extract the nuclear size
difference δhr2i (see the Supplemental Material [33]), in
good agreement with other results [64]; see Table I. We also
calculateGCI

βα ¼ 232 kHz=fm4 andGMBPT
βα ¼ −36 kHz=fm4

for the QFS, indicating a large systematic uncertainty in
the calculation of this small term. The experimentally
constrained range in Fig. 3(b) (24–94 kHz=fm4) (see the
Supplemental Material [33]) lies between the two calculated
values.
Using the electronic-structure calculations, we can deter-

mine a boundary on the new-boson coupling from our data.
Figure 4 shows the upper bound on the product of couplings
jyeynj. It is obtained by dividing the experimental value of
υneDβα from Fig. 3(b) (determined with the assumption
that the effect of the new boson dominates the nonlinearity;
i.e., Gβα ¼ 0), by ð−1Þsþ1DβαðmϕÞ=ð4πℏcÞ from the
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for þð−1Þs for a spin-s boson. The 95% confidence intervals
from the statistical uncertainty in the measured isotope shift are
shown as shaded areas along the solid line. The systematic
uncertainty due to the wave function calculation is much larger,
especially in the high-mass region. The thick green line indicates
the preferred coupling range for the X17 boson from the Be/He
anomaly [16–21]. The yellow shaded area shows the constraint
from electron ge − 2 measurements [77–81] combined with
neutron scattering measurements [82–85] (from Ref. [10]).
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F 0
21

Yb+イオン Count et al.  PRL 125, 123002 (2020)

Transition 1: 411 nm Transition 2: 436 nm
<latexit sha1_base64="G37Vejso4VzxqSKG2eHb/mZER9o="></latexit>

2S1/2(6s) –
2D5/2(5d)

<latexit sha1_base64="wvlXql84FN5z2q2U2oId4AP8Wd0="></latexit>

2S1/2(6s) –
2D3/2(5d)

4 indep. IS pairs
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中性Yb原子 K. Ono et al.  to apper

詳細は，小野さんの講演 22pA1-6で．

<latexit sha1_base64="80Snl9clOhcwugj3szn0Dvq9vtA="></latexit>

1S0(6s
2) – 3P0(6s6p)
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579 nm, 4 IS pairs
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一般化線形性を用いた新物理探索
3 transitions, 4 IS pairs

<latexit sha1_base64="G37Vejso4VzxqSKG2eHb/mZER9o="></latexit>

2S1/2(6s) –
2D5/2(5d)
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2S1/2(6s) –
2D3/2(5d)

Yb+イオン
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まとめ
■Isotope shift and King’s linearity

IS=MS+FS, linear relation of mIS of two transitions
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⌫̃(2)A0A = K21 + F21⌫̃
(1)
A0A

■Nonlinearities : New physics and/or SM higher order

■一般化線形性 (generalized linearity)
SM nonlinearity removed, improved sensitivity to new physics

■高精度Yb IS測定実験
Yb+イオン O(100) Hz，Yb原子 O(1) Hz
Ybで複数のO(1) Hzも近い将来可能

関連講演: 小野さん 22pA1-6 (領域1)


