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Minoru TANAKA

Twisted photons

2

Orbital angular momentum (OAM) of light

winding field phase ~ eim'
<latexit sha1_base64="pNw4xjOWqF57B859a7FaZIwBYiE="></latexit>
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G. Molina-Terriza et al. 
Nat. Phys. 3, 305 (2007)



Minoru TANAKA

Energy up-conversion with boosted ions 

3

�i
<latexit sha1_base64="eaMLC+Iwwa5NHi0cciUGKfoD3eQ=">AAACC3icdVDLSgMxFM3UV62vqstugqXgqszUhS4LKrisYB/QlpLJZNrQJDMkd4Rh6Ce4cat/4U5duPEXBH/CnXunUwXr40Dgcs5Jzs1xQ8EN2ParlVtYXFpeya8W1tY3NreK2zstE0SasiYNRKA7LjFMcMWawEGwTqgZka5gbXd8PNXbl0wbHqgLiEPWl2SouM8pgZTq9IZESjLgg2LZqdoZsP1r+JLKdfz08n7yUGoMim89L6CRZAqoIMZ0HTuEfkI0cCrYpNCLDAsJHZMhS7ItJ7iSUh72A50eBThj53xEGhNLN3VKAiPzU5uSf2ndCPyjfsJVGAFTdBbkRwJDgKdfxh7XjIKIMaE03TcikO5BR0QTCmk1czk+i5UMJ4VKL3sv8Zif5X4v6P+hVas6B9XaedrUKZohj0poD+0jBx2iOjpDDdREFAl0jW7QrXVl3Vn31uPMmrM+7+yiOVjPH/con+Y=</latexit>

�f
<latexit sha1_base64="Bj5bhkvEJR7S+2H6l/2Nk83rgqQ=">AAACC3icbVDNSgMxGPzWn1qr1apHL4ul0FPZrQc9FkTwWMH+QLeUbDbbhibZJcmKy9JH8OJV38KbePDiQ/gSvoFgutVDrQOBj5lJ5sv4MaNKO86Htba+sVnYKm6XdnbLe/uVg8OuihKJSQdHLJJ9HynCqCAdTTUj/VgSxH1Gev70Yq73bolUNBI3Oo3JkKOxoCHFSBuq740R52gUjipVp+HksN3fYYWpturqq1y4e2uPKp9eEOGEE6ExQ0oNXCfWwwxJTTEjs5KXKBIjPEVjkuVbzuyaoQI7jKQ5Qts5u+RDXKmU+8bJkZ6ov9qc/E8bJDo8H2ZUxIkmAi+CwoTZOrLnX7YDKgnWLLURxmbfBGmzB54gibA21SzlhCQVPJ6Val7+XhaQMM81BbkrBa0M3WbDPW00r01Tl7BAEY7hBOrgwhm04Ara0AEMDB7gEZ6se+vZerFeF9Y16+fOESzBev8GqEKfAQ==</latexit>

Rayleigh scattering:
�i + |gi ! |ei ! |gi+ �f

<latexit sha1_base64="tAdnhgY4wS9442wc32L2mWO773c="></latexit>

Boosted ions: E = �M
<latexit sha1_base64="OBPjp0eY1jtBXlmKtex0+5XFjPg=">AAACDXicbVDNSgMxGMzWv1r/qh57CZaCp7JbD3oRClrwIlSwP9gtJZvNtqFJdkmyQln6DF686lt4UsSbbyD4Et68m257aetAYJhvkm8yXsSo0rb9bWVWVtfWN7Kbua3tnd29/P5BU4WxxKSBQxbKtocUYVSQhqaakXYkCeIeIy1veDGZt+6JVDQUt3oUkS5HfUEDipE20l3t3O0jzhG87uWLdtlOAZeJMyPFKvz4+r18LdR7+R/XD3HMidCYIaU6jh3pboKkppiRcc6NFYkQHqI+SdKcY1gykg+DUJojNEzVOR/iSo24Z5wc6YFanE3E/2adWAdn3YSKKNZE4OmiIGZQh3DyaehTSbBmI4gwNnljpE0OPEASYW3KmdsTkJHg0ThXctP3Ep8E6V5TkLNYxzJpVsrOSblyY5qqgSmyoACOwDFwwCmogitQBw2AgQCP4Ak8Ww/Wi/VmvU+tGWt25xDMwfr8A4MvoCA=</latexit>

e.g. � ⇠ 103
<latexit sha1_base64="6OEWWj7Q5KdrsV6eCq3Jub1e3a4=">AAACFHicbVBLSwMxGMz6rPXRVY+9BEvBU9ltD3osqOCxgn1At5Zsmm1Dk90lD2FZ+je8eNVfoQdBvHoU/BPevJtue2nrQGCYb5JvMn7MqFSO822trW9sbm3ndvK7e/sHBfvwqCUjLTBp4ohFouMjSRgNSVNRxUgnFgRxn5G2P76Yztv3REgahbcqiUmPo2FIA4qRMlLfLnhDxDnyJOXQde5qfbvkVJwMcJW4c1Kqw7ev38uXYqNv/3iDCGtOQoUZkrLrOrHqpUgoihmZ5D0tSYzwGA1JmsWdwLKRBjCIhDmhgpm64ENcyoT7xsmRGsnl2VT8b9bVKjjvpTSMtSIhni0KNIMqgtO/wwEVBCuWQISxyauRMjnwCAmEleloYU9AkpDHk3zZy95LByTI9pqC3OU6VkmrWnFrleqNaeoKzJADRXACToELzkAdXIMGaAIMNHgET+DZerBerXfrY2Zds+Z3jsECrM8/tYOiSw==</latexit>

@LHC

|e�

|g�
ion

Level splitting: Eeg
<latexit sha1_base64="8dJ6fjxO4XBIK8MG0s3OJ9U2+EI=">AAACCXicbVDNSsNAGNxUrbVarXr0slgKPZWkHvRYkILHCvYH2lI2my/t2s0mZDdiCHkCL171LbyJJ8Gn8CV8A8Ft2ktbBxaG+Wb3mx074Ewq0/w2clvbO/ndwl5x/6B0eFQ+PulKPwopdKjP/bBvEwmcCegopjj0gxCIZ3Po2bPr+bz3AKFkvrhTcQAjj0wEcxklSkvd1jiBSTouV8y6mQFvEmtJKs2a/C3lHz/b4/LP0PFp5IFQlBMpB5YZqFFCQsUoh7Q4jCQEhM7IBJIsY4qrWnKw64f6CIUzdcVHPCljz9ZOj6ipXJ/Nxf9mg0i5V6OEiSBSIOhikRtxrHw8/zB2WAhU8RgTSnXeiCidg05JSKjSxazscSEWXpAWq8PsvcQBN9urC7LW69gk3Ubduqg3bnVTLbRAAZ2hc1RDFrpETXSD2qiDKLpHz+gFvRpPxpvxbnwsrDljeecUrcD4+gMlkp4w</latexit>

binding energy of H-like ion= (Z2/n2)13.6 eV
<latexit sha1_base64="U2P9n95wkKomC2qNN42FWHOI6hg=">AAACHnicbZDLSsNAFIYn9V5vVVfiZrAUdFOTKupGEERwqWAv2NQymZ7YoZNJyJyIJRRfxY1bfQt34lZfwmdwGrtp9YeBn/+cOefweZEUGm37y8pNTc/Mzs0v5BeXlldWC2vrNR0mMYcqD2UYNzymQQoFVRQooRHFwAJPQt3rnQ3r9XuItQjVNfYjaAXsTglfcIYmahc2T3Zubit76ray6+yXD13qIjxgCrVBu1C0y3Ym+tc4I1MkI122C99uJ+RJAAq5ZFo3HTvCVspiFFzCIO8mGiLGe+wO0uzwAS2ZqEP9MDZPIc3SsT4WaN0PPNMZMOzqydow/K/WTNA/bqVCRQmC4r+L/ERSDOmQAu2IGDjKPmWcm3sThuYO3mUx42hoje3xoa+CaJAvudm8tAN+ttcAciZx/DW1StmArVwdFE/PR6jmyRbZJjvEIUfklFyQS1IlnDySZ/JCXq0n6816tz5+W3PW6M8GGZP1+QPLiKFV</latexit>

Up-conversion:

!max
f ' 2�Eeg ' 4�2!i ⇠ 100 MeV(2�/104)2

<latexit sha1_base64="NC78cT5JvziwwkubYnXQdUlzPDA="></latexit>

optical laser !i ⇠ 1 eV
<latexit sha1_base64="LhM1W/XfuAXzfzBQB+2gZ/RKY2w=">AAACHnicbVDLSsNAFJ3UV62vqitxM1gKrkpSBV0WRHBZwT6gKWEyuWmHziQhcyOWUPwVN271L9yJW/0Jv8E07aatFwYu55y553DcSAqNpvljFNbWNza3itulnd29/YPy4VFbh0nMocVDGcZdl2mQIoAWCpTQjWJgypXQcUc3U77zCLEWYfCA4wj6ig0C4QvOMIOc8okdKhgwR9haKGrZ1EZ4whTaE6dcMWtmPnR1seZLhcyn6ZR/bS/kiYIAuWRa9ywzwn7KYhRcwqRkJxoixkdsAGkefEKrGeRRP4yzFyDN0QUdU1qPlZspFcOhXuam4H9cL0H/up+KIEoQAj4z8hNJMaTTFqgnYuAox5RxnuVNGGY5+JDFjGPW1oKPD+NARZNS1c7vpR74uW9WkLVcx+rSrtesi1r9/rLSuJ1XVSSn5IycE4tckQa5I03SIpw8k1fyRt6NF+PD+DS+ZtKCMf9zTBbG+P4DspOjCw==</latexit>

Z2/2� ⇠ 0.1
<latexit sha1_base64="LJO1Kjdkkj+XgRQpP6bPRdz1LHc=">AAACGHicbVBPS8MwHE39O+e/6o5egmPgqbZV0ONABI8T3B9c50jTdAtL2pKkQin7Il686rfwJl69+SX8DGZdL9t8EHi830t+L89PGJXKtn+MtfWNza3tyk51d2//4NA8Ou7IOBWYtHHMYtHzkSSMRqStqGKklwiCuM9I15/czObdZyIkjaMHlSVkwNEooiHFSGlpaNYen9xz1xshzpEnKYe25QzNum3ZBeAqcUpSByVaQ/PXC2KcchIpzJCUfcdO1CBHQlHMyLTqpZIkCE/QiORF5ClsaCmAYSz0iRQs1AUf4lJm3NdOjtRYLs9m4n+zfqrC60FOoyRVJMLzRWHKoIrh7P8woIJgxTKIMNZ5U6R0DjxGAmGle1rYE5Is4sm02vCK9/KAhMVeXZCzXMcq6biWc2G595f15m1ZVQWcgFNwBhxwBZrgDrRAG2CQgVfwBt6NF+PD+DS+5tY1o7xTAwswvv8A+9ifWg==</latexit>

heavy ion

Resonance condition: 2�!i ' Eeg
<latexit sha1_base64="VznO6VPmRPwnXUQaXBUMWmSBuIc=">AAACIXicbVDLSsNAFJ34rPVVdamLwVJwVZIq6LIgBZcV7AOaEm6mN+nQmSRmJkIJ3fgrbtzqX7gTd+I/+A2maTdtvTBwOefMPYfjRoIrbZrfxtr6xubWdmGnuLu3f3BYOjpuqzCJGbZYKMK464JCwQNsaa4FdqMYQboCO+7odsp3njBWPAwe9DjCvgQ/4B5noDPIKZ3VbB+kBDuU6IPDbcUlPtKGk6I/cUpls2rmQ1cXa76UyXyaTunXHoQskRhoJkCpnmVGup9CrDkTOCnaicII2Ah8TPPsE1rJoAH1wjh7gaY5uqADqdRYuplSgh6qZW4K/sf1Eu3d9FMeRInGgM2MvERQHdJpEXTAY2RajCkwluVNQGc52BBiYDorbMHHw3Ego0mxYuf30gF6uW9WkLVcx+rSrlWty2rt/qpcb8yrKpBTck4uiEWuSZ3ckSZpEUaeySt5I+/Gi/FhfBpfM+maMf9zQhbG+PkDYA6kdw==</latexit>



Minoru TANAKA

Bessel beam: gauge field
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Twisted photon as a superposition of plane waves
PW: Aµ

k�(t,x) = "µ�(k)e
�i(!t�k·x)/

p
2!

<latexit sha1_base64="QNSKVk+e9eZJuaKF5rnWmxpPI/4="></latexit>

Aµ
mkT kz�

(t,x) =� i�
p

kT /4⇡! e�i(!t�kzz)


ei(m��)' cos2

✓k
2
Jm��(kT ⇢)⌘

µ
�

� ei(m+�)' sin2
✓k
2
Jm+�(kT ⇢)⌘

µ
�� +

ip
2
eim' sin ✓kJm(kT ⇢)⌘

µ
0

�

<latexit sha1_base64="O8O402Mb80jgxPJRKFyx/v8/uR0="></latexit>

sin ✓k := |kT |/|k|
<latexit sha1_base64="sn38EP96HcVLkNG7iQCcTRjqEPM=">AAACN3icbVBNS8NAFNz4WetX1aOXaCl4qkkVFFEoePFYwbaCKWGzfbFLdzch+yKUNGd/jVfFn+LJm3j1F2gac6n1wcIwM7vzdrxQcI2W9WbMzS8sLi2XVsqra+sbm5Wt7Y4O4ohBmwUiiG49qkFwBW3kKOA2jIBKT0DXG15O9O4DRJoH6gZHIfQkvVfc54xiRrmVPUdz5eAAkLrDs4ux48lkmLo348MCjt1K1apb+ZizwC5AlRTTcivfTj9gsQSFTFCt72wrxF5CI+RMQFp2Yg0hZUN6D0n+gdSsZVTf9IMoOwrNnJ3yUan1SHqZU1Ic6L/ahPxPu4vRP+0lXIUxgmK/QX4sTAzMSRtmn0fAUIxMyli2b0wx24MNaEQZZq1N5fgwUjJMyzUnfy/pg5/nTpk8mZazxuy//cyCTqNuH9Ub18fV5nnRXYnskn1yQGxyQprkirRImzDySJ7IM3kxXo1348P4/LXOGcWdHTI1xtcPx1it3A==</latexit>

⌘µ� := (0,��,�i, 0)/
p
2 , ⌘µ0 := (0, 0, 0, 1)

<latexit sha1_base64="cMYgpgp9NmtO0TLX55AtR9X+36c="></latexit>

pitch angle

 Jentschura, Serbo, 
PRL106, 013001(2011)

Twisted photon (Bessel beam):

Aµ
mkT kz�

(t,x) :=

Z
amkT (kT )A

µ
k�(t,x)dk

2
T /(2⇡)

2

<latexit sha1_base64="esfV7311jroSdA9qHPi2JDVbKDk="></latexit>

amkT (kT ) := (�i)meim'k
p
2⇡/kT �(|kT |� kT )

<latexit sha1_base64="liIFCtA4r8BpDtV8vnsmOkWtRlA="></latexit>



Minoru TANAKA 5

Orthogonality:
Z

d3x(Am0k0
T k0

z�
0)⇤µ A

µ
mkT kz�

= �(⇡/!)�(kz � k0z)�(kT � k0T )�mm0���0

<latexit sha1_base64="FCchXeZrtoQGBVVz76Bpe8kr7qw="></latexit>

Transversality: r ·AmkT kz� = A0
mkT kz� = 0

<latexit sha1_base64="JjEPNaDkKMf2Aowcka4Nutyxwo8="></latexit>

Poynting vector: S⇢ = 0 , S' / sin ✓k , Sz 6= 0
<latexit sha1_base64="lIv/CeLTDtS7XIZEP4sryMHbqvw="></latexit>

Angular momentum:

J =

Z
d3xx⇥ S = �Re

Z
d3x

h
Ȧ⇤

j (x⇥r)Aj + Ȧ⇤ ⇥A
i

=: L+ s
<latexit sha1_base64="ZsL0A4txOvLQvkfwDV0I8wKJvZ8="></latexit>

OAM + spin

Lz = m� � cos ✓k , sz = � cos ✓k ) Jz = m
<latexit sha1_base64="y9PI37ru/v+UI+D85qMRav3a+dE="></latexit>

 Afanasev, Carlson, Mukherjee, IJMP25, 1460048 (2014)



Minoru TANAKA

Heavy ion excitation by twisted photons
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Relativistic effects ~ O(Z↵)
<latexit sha1_base64="V7L1Wjgp5D5VpJpVeW0PZYUO0K8=">AAACHnicbVDNS8MwHE3n15xfU49egmMwL6Odgh4HInhzgvtg6xhpmm5haVqSVCil/4VXxb/Gm3jVv0azrpdu/iDw472XvJfnhIxKZZo/Rmljc2t7p7xb2ds/ODyqHp/0ZBAJTLo4YIEYOEgSRjnpKqoYGYSCIN9hpO/Mbxd8/5kISQP+pOKQjH005dSjGCkNDR8aQxuxcIYuJtWa2TSzgeuLlS81kE9nUv213QBHPuEKMyTlyDJDNU6QUBQzklbsSJIQ4TmakiTLmcK6hlzoBUIfrmCGFnTIlzL2Ha30kZrJVW4B/seNIuXdjBPKw0gRjpdGXsSgCuDi09ClgmDFYogw1nkjpHQOPEMCYaXLKfh4JOZ+mFbqdvZe4hIv8y2IHD+t6Mas1X7Wl16raV02W49XtfZd3l0ZnIFz0AAWuAZtcA86oAsw4OAFvII34934MD6Nr6W0ZOR3TkFhjO8/aKGi4w==</latexit>

Dirac theory of Hydrogen-like ion:
interaction hamiltonian HI = e↵ ·A

<latexit sha1_base64="Ck0xj70FNKHWndNPpwblX5UgQfo=">AAACM3icbVDLSsNAFJ3UV62vqksRgqXgQkpSBd0IVTd1V8E+oCllMrlph84kIXMjlJCVX+NW8WPEnbj1GzRNu2nrgYE7556Zczh2ILhCw/jQciura+sb+c3C1vbO7l5x/6Cl/Chk0GS+8MOOTRUI7kETOQroBCFQaQto26O7yb79BKHivveI4wB6kg487nJGMaX6xeN6//4arDPLlrFFRTCkicUcHyf3m6RfLBkVI4O+PJizoURmaPSLv5bjs0iCh0xQpbqmEWAvpiFyJiApWJGCgLIRHUCchU/0cko5uuuH6fFQz9g5HZVKjaWdKiXFoVrcTcj/dt0I3atezL0gQvDY1MiNhI6+PmlCd3gIDMVYp4yleSOKaQ42pCFlmDY25+PC2JNBUihb2X+xA27mOyeyZVJIGzMX+1keWtWKeV6pPlyUarez7vLkiJyQU2KSS1IjddIgTcLIM3khr+RNe9c+tS/teyrNabM3h2QO2s8fKbarfA==</latexit>

wave function

 (x) =

0

BB@

G(r)

r
Yj3
j`A

(✓,')

i
F (r)

r
Yj3
j`B

(✓,')

1

CCA

<latexit sha1_base64="yLyOIshg4XBqOwFtm9DMNK8jQLk="></latexit>

transition matrix element:

Mfi = e

Z
d3x †

f (x)↵ i(x) ·A(t,x)ei!t

<latexit sha1_base64="wmY9g3EmbGXRZhFSWOlxafO2UOQ="></latexit>

|ii ! |fi
<latexit sha1_base64="afJljzHYcv9GGhik1pSR7fyxVPk=">AAACLHicbVDLSsNAFJ3UV42vquDGTbAUXJWkCrosunFZwT6gKWUyvWmHTiZh5kYoaX/GreLXuBFx629ommbT1gMDh3PP3Hs4XiS4Rtv+NAobm1vbO8Vdc2//4PCodHzS0mGsGDRZKELV8agGwSU0kaOATqSABp6Atje+n8/bz6A0D+UTTiLoBXQouc8ZxVTql86m3FVUDgW4GE79nJv9Utmu2hmsdeLkpExyNPqlX3cQsjgAiUxQrbuOHWEvoQo5EzAz3VhDRNmYDiHJUs+sSioNLD9U6ZNoZeqSjwZaTwIvdQYUR3p1Nhf/m3Vj9G97CZdRjCDZ4pAfCwtDa16BNeAKGIqJRRlL88YU0xxsRBVlmFa1dMeHiQyimVlxs33JAPzs7pLJC2bzxpzVftZJq1Z1rqq1x+ty/S7vrkjOyQW5JA65IXXyQBqkSRiZkhfySt6Md+PD+DK+F9aCkf85JUswfv4ACeKo5w==</latexit>
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Twisted photon amplitude
a superposition of plane wave amplitudes

impact parameter:

 Scholz-Marggraf et al. 
PRA90, 013425(2014)

Bessel beam beam axis
b

<latexit sha1_base64="AVjRkouipk9LQ9K+YMffgNdpCXI="></latexit>

Z
e�

<latexit sha1_base64="sD9QtKd7FQw8UX0pvDGFxficWkM="></latexit>

b = b(cos�b, sin�b, 0)
<latexit sha1_base64="2n1czZ+IZcmVHurpoFSDYxaqs8U=">AAACNnicbVDNS8MwHE3n15xfVY9eqmMwQUY7Bb0IAy8eJ7gPWEdJ0nQLS9LSpEIpPfvXeFX/FS/exKt/gdh1vXTzB4HHey/5vTwUMCqVaX5olbX1jc2t6nZtZ3dv/0A/POpLPwox6WGf+eEQQUkYFaSnqGJkGIQEcsTIAM3u5vrgiYSS+uJRxQEZczgR1KMYqoxy9FMb8QSlt6hpY1/awZQ66MKWVBTQPHf0utky8zFWgVWAOiim6+i/tuvjiBOhMINSjiwzUOMEhopiRtKaHUkSQDyDE5LkH0iNRka5hueH2RHKyNmSD3IpY44yJ4dqKpe1OfmfNoqUdzNOqAgiRQReLPIiZijfmLdhuDQkWLHYgBhneSOoshx4CkOIVdZaaY9HYsGDcn7E01rDzt9PXOLlObLCrOV6VkG/3bIuW+2Hq3qnU1RXBSfgDDSBBa5BB9yDLugBDJ7BC3gFb9q79ql9ad8La0Ur7hyD0mg/f/gnrIk=</latexit>

target ion

M(tw)
fi =(�i)2m+mi�mf

r
kT
2⇡

ei(m+mi�mf )�bJm+mf�mi(kT b)

⇥
X

m0
f ,m

0
i

d
jf
mfm0

f
(✓k)d

ji
mim0

i
(✓k)M(pl)

m0
fm

0
i

<latexit sha1_base64="EMoSXUV4vEDkX5qD+3aVQTu66AY="></latexit>



Minoru TANAKA 8

✓k
<latexit sha1_base64="Jy4j00N3EC3kEGuuY3dEmy21kJo=">AAACC3icbVDLSsNAFJ34rPVVdelmsBRclaQKuiy6cVnBPqApZTK9aYdOJiFzI4TQT3DjVv/Cnbj1I/wJv8Fpmk1bDwwczj0z98zxIik02vaPtbG5tb2zW9or7x8cHh1XTk47OkxiDm0eyjDueUyDFAraKFBCL4qBBZ6Erje9n8+7zxBrEaonTCMYBGyshC84QyP1XJwAsuF0WKnadTsHXSdOQaqkQGtY+XVHIU8CUMgl07rv2BEOMhaj4BJmZTfREDE+ZWPI8pQzWjPSiPphbI5CmqtLPhZonQaecQYMJ3p1Nhf/m/UT9G8HmVBRgqD4YpGfSIohnX+ZjkQMHGVKGecmb8LQ5OATFjOOppqlPT6kKohm5Zqbv5eNwM/3moKc1TrWSadRd67qjcfravOuqKpEzskFuSQOuSFN8kBapE04keSVvJF368X6sD6tr4V1wyrunJElWN9/PzGb9g==</latexit>

0.0 0.5 1.0 1.5

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
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Summary
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Twisted photons: OAM of light

Energy up-conversion with boosted ions

optical → gamma ray!max
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Twisted photons:  forbidden → allowed

Relativistic calculation for heavy ions

Absorption & emission rates
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