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3.3

3.3.1 – (Biot–Savart)

• i(r)

B(r) =
µ0

4π

∫

i(r′) × (r − r′)

|r − r′|3 dV ′ –(1)

µ0 = 4π × 10−7
N

A2
: .(2)

cf. (2. 3. 5)

(µ0ε0 = µ0/(4π) × 4πε0 = 10−7/(10−7c2) = 1/c2)
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• ( : C)

( (3. 1. 20))

B(r) =
µ0I

4π

∫

C

dr′ × (r − r′)

|r − r′|3 .(3)

dB(r) =
µ0

4π

Idr′ × (r − r′)

|r − r′|3 .(4)

r

r-r’
Idr’

dB(r)

r’
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• 1:
z

dr′ = ẑdz′ (ẑ = (0, 0, 1): z
)

B(r) =
µ0I

4π

∫

∞

−∞

dz′ ẑ × (r − r′)

|r − r′|3 .(5)

x

y

z

I

R

r=(x,y,z)

r’=(0,0,z’)Idr’

φ̂

ẑ × (r − r′) = (0, 0, 1) × (x, y, z − z′) = (−y, x, 0) = Rφ̂ .(6)

R =
√

x2 + y2 φ̂ (z
)

x

y

R

R

^

φ̂

φ
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B(r) =
µ0I

4π
Rφ̂

∫

∞

−∞

dz′

(
√

R2 + (z − z′)2)3
(7)

=
µ0I

4π
Rφ̂

∫

∞

−∞

dz′

(
√

R2 + z′2)3
=

µ0I

2πR
φ̂ .

( )
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• 2: ( a)

dr′ = (−a sin θ, a cos θ, 0)dθ(8)
z

x

y
dr’

C

I

r=(0,0,z)

r’=(acosθ,asinθ,0)
θ

dr′ × (r − r′) = adθ(− sin θ, cos θ, 0) × (−a cos θ,−a sin θ, z)(9)

= adθ(z cos θ, z sin θ, a) .

|r − r′| =
√

a2 + z2 .(10)
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B(z) =
µ0I

4π

∫

C

dr′ × (r − r′)

|r − r′|3(11)

=
µ0I

4π

a

(a2 + z2)3/2

∫

dθ(z cos θ, z sin θ, a)

=
µ0I

2

a2

(a2 + z2)3/2
ẑ .
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3.3.2

I

C

dr
r

1 2CI

1

1I1
1

r2

2

I dr2 2

I1 I2 (3)

B(r2) =
µ0I1

4π

∫

C1

dr1 × (r2 − r1)

|r2 − r1|3
.(12)

I2 (3. 2. 17)

dF = I2dr2 × B(r2)(13)
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C2

F =
µ0I1I2

4π

∫

C2

∫

C1

dr2 × dr1 × (r2 − r1)

|r2 − r1|3
.(14)

(Ampère)
• 1:

(7) I1 I2

B =
µ0I1

2πR
.(15)

I2 (13)

dF = I2dr2B =
µ0I1I2

2πR
dr2 .(16)

(I2 B )

I

F

R

B

1 2I
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( )
( )

F =
µ0I1I2

2πR
.(17)

◦ A( ) I1 = I2 ≡ I
R = 1m F = 2 × 10−7 N I 1A

µ0 = 4π × 10−7 N/A2
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3.3.3

∇r

(

1

|r − r′|

)

= − r − r′

|r − r′|3 .(18)

(∇r r ) (1)

B(r) =
µ0

4π

∫

i(r′) ×∇r

( −1

|r − r′|

)

dV ′(19)

=
µ0

4π
∇r ×

∫

i(r′)

|r − r′| dV ′

A(r) ≡ µ0

4π

∫

i(r′)

|r − r′| dV ′ :(20)

B(r) = ∇× A(r) (cf. E = −∇φ)(21)
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(3)

A(r) =
µ0I

4π

∫

C

dr′

|r − r′| . ( )(22)

• B
(21)

∇ · B(r) = ∇ · (∇× A) = 0 . (A )(23)

(2. 5. 48) ∇ · E = ρ/ε0 “ ”
B ( 5

)

∇ · B(r, t) = 0

•
A A′ B

B = ∇× A = ∇× A′ .(24)
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∇× (A′ − A) = 0 .(25)

§§2. 4. 5
χ(r)

A′ − A = ∇χ .(26)

A B = ∇× A

A′ = A + ∇χ(27)

B

∇× A′ = ∇× A + ∇×∇χ = B .(28)

∇ · A = 0
(20) A
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• 1:

A =
1

2
B × r (B )(29)

Ax =
1

2
(Byz − Bzy) , Ay =

1

2
(Bzx − Bxz) ,(30)

Az =
1

2
(Bxy − Byx)

(∇× A)x =
∂Az

∂y
− ∂Ay

∂z
=

1

2
(Bx + Bx) = Bx ,(31)

(∇× A)y =
∂Ax

∂z
− ∂Az

∂x
=

1

2
(By + By) = By ,

(∇× A)z =
∂Ay

∂x
− ∂Ax

∂y
=

1

2
(Bz + Bz) = Bz ,

B = ∇× A
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•
(

)
xy

I

A(r) =
µ0I

4π

∫

dr′

|r − r′| .(32)

x

y

z
r=(x,y,z)

b
2

a
2

b
2

a
2

I
1

2

3

4

1 dr′ = ŷdy′ r′ = (b/2, y′, 0)

1

|r − r′| =
1

√

(x − b/2)2 + (y − y′)2 + z2

=
1

√

r2 − xb − 2yy′ + b2/4 + y′2
.
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r � a, b (−a/2 < y′ < a/2)

1

|r − r′| =
1

r

1
√

1 − xb/r2 − 2yy′/r2 + b2/(4r2) + y′2/r2

' 1

r

(

1 +
xb

2r2
+

yy′

r2

)

.

∫

1

dr′

|r − r′| ' ŷ

∫ a/2

−a/2

1

r

(

1 +
xb

2r2
+

yy′

r2

)

dy′ = ŷ
a

r

(

1 +
xb

2r2

)

.

3 b/2 → −b/2 dr′ = −ŷdy′ :
∫

3

dr′

|r − r′| ' −ŷ
a

r

(

1 − xb

2r2

)

.

4 dr′ = x̂dx′ r′ = (x′,−a/2, 0)
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∫

4

dr′

|r − r′| = x̂

∫ b

2

−b

2

dx′

√

(x − x′)2 + (y + a/2)2 + z2
' x̂

b

r

(

1 − ya

2r2

)

.

2
∫

2

dr′

|r − r′| ' −x̂
b

r

(

1 +
ya

2r2

)

.

A(r) =
µ0I

4π

(

−x̂
b

r

ya

r2
+ ŷ

a

r

xb

r2

)

(33)

=
µ0I

4π

ab

r3
(−x̂y + ŷx)

=
µ0I

4π

ab

r3
(−y, x, 0) .

x

y

z
A
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m ≡ Iabẑ(34)

( : ab ẑ )
(m = (0, 0, Iab))

A(r) =
µ0

4π

m × r

r3
(35)

B = ∇× A

B(r) =
µ0

4π
∇×

(

m × r

r3

)

(36)

=
µ0

4π

[

∇
(

1

r3

)

× (m × r) +
1

r3
∇× (m × r)

]

.

∇(1/r3) = −3r/r5 ∇× (m × r) = 2m

B(r) =
µ0

4π

[

−3r × (m × r)

r5
+

2m

r3

]

.
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a × (b × c) = b(a · c) − c(a · b)(37)

r × (m × r) = mr2 − r(m · r)

B(r) =
µ0

4π

−3mr2 + 3r(m · r) + 2mr2

r5
(38)

=
µ0

4π

3(m · r)r − r2m

r5

(cf. (2. 4. 55) )

◦ I S n

m = ISn(39)

(35) (38)
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3.3.4 (Ampère)

• ( )
(20) B

∇× B = ∇× (∇× A) = ∇(∇ · A) − ∆A .(40)

1

∇ · A(r) =
µ0

4π
∇ ·

∫

i(r′)

|r − r′| dV ′ =
µ0

4π

∫

∇r · i(r′)

|r − r′| dV ′(41)

=
µ0

4π

∫

i(r′) · ∇r

(

1

|r − r′|

)

dV ′

(∇r → ∇r′ )

=
µ0

4π

∫

i(r′) · ∇r′

(

1

|r − r′|

)

dV ′
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( )

=
µ0

4π

∫
[

(∇r′ · i(r′))

( −1

|r − r′|

)

+ ∇r′ ·
(

i(r′)

|r − r′|

)]

dV ′

( ∇ · i = 0)

=
µ0

4π

∫

∇r′ ·
(

i(r′)

|r − r′|

)

dV ′

( )

=
µ0

4π

∫

i(r′) · dS ′

|r − r′|
( )

= 0 .

∇× B = −∆A .(42)
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(2. 4. 19)

φ(r) =
1

4πε0

∫

ρ(r′)

|r − r′| dV ′

(2. 7. 6)

∆φ(r) = −ρ(r)

ε0

(20)

A(r) =
µ0

4π

∫

i(r′)

|r − r′| dV ′

∆A(r) = −µ0i(r)(43)

( )
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∇× B(r) = µ0i(r)(44)

•

∇ · B(r) = 0 , ∇× B(r) = µ0i(r) .(45)

•

B(r) = ∇× A(r) , ∆A(r) = −µ0i(r) , ∇ · A(r) = 0 .(46)

• ( )

C S (44)

∫

S

(∇× B) · dS = µ0

∫

S

i · dS .(47)

S

C

i
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∫

S
i · dS S I

∫

C

B · dr = µ0I(48)

• 1: (cf. §§3. 3. 1 1)

I z B z

R =
√

x2 + y2

B(r) = B(R) φ̂ .(49) C

R

z
I

BB

z R (48)

2πRB(R) = µ0I .(50)
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B(R) =
µ0I

2πR
. cf. (7)(51)

• 2:
z a

I n

±z
z

B(r) = (0, 0, Bz(R))(52)

z

RlC

1

2
3 C

C

a

R R

l
1 2

C1 (48)
∫

C1

B(r) · dr = lBz(R2) − lBz(R1) = 0 .(53)
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Bz(R1) = Bz(R2) Bz(54)

(48) C2

Bz

( S
B S )

Bz( ) · = Bz( ) · .(55)

πa2

Bz( ) = 0 .(56)
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C3

lBz( ) = µ0nlI .(57)

B =

{

µ0nI ẑ , R < a

0 , R > a
(58)
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