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2.7 (Poisson)

2.7.1

• ( (2. 5. 55) (2. 5. 56))

∇ · E(r) =
ρ(r)

ε0

,(1)

∇× E(r) = 0 .(2)

§2. 4 (2. 7. 2)

E(r) = −∇φ(r) ,(3)

(2. 7. 1)

∇ · ∇φ(r) = −
ρ(r)

ε0

.(4)
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(Laplacian)

∆ ≡ ∇ · ∇ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
,(5)

∆φ(r) = −
ρ(r)

ε0

:(6)

ρ(r) = 0

∆φ(r) = 0 : (Laplace)(7)
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• 1: 2

d A φA

B φB AB
z

φ(r) z : φ(r) =
φ(z). AB (7)

∂2

∂z2
φ(z) = 0(8)

z

BA

φ(z) = c1 + c2z φ(0) = φA φ(d) = φB

c1 = φA , c2 = (φB − φA)/d .(9)

φ(z) = φA + (φB − φA)
z

d
.(10)
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(3)

Ex = Ey = 0 , Ez = −
V

d
, V ≡ φB − φA :(11)

z

A B

d0

φ φA B
z

d0

φ

φ

A

B

φ φAB >( )
φ
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•

φ(r) = φ(r) , r = |r| =
√

x2 + y2 + z2 ,(12)

(∂r/∂x = x/r )

∂

∂x
φ =

∂r

∂x

d

dr
φ =

x

r

dφ

dr
,(13)

∂2

∂x2
φ =

∂

∂x

(

x

r

dφ

dr

)

=

(

1

r
−

x2

r3

)

dφ

dr
+

x2

r2

d2φ

dr2
.(14)

∂2/∂y2 ∂2/∂z2

∆φ(r) =
∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
=

2

r

dφ

dr
+

d2φ

dr2
=

1

r

d2

dr2
(rφ) .(15)
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• 2: (cf. §§2. 5. 2 1)

ρ(r) =

{

ρ , r < a

0 , r > a
(16)

(15)










1

r

d2

dr2
(rφ) = −

ρ

ε0

, r < a

1

r

d2

dr2
(rφ) = 0 , r > a

(17)

r < a
d2

dr2
(rφ) = −

ρ

ε0

r .(18)

rφ = −
ρ

ε0

r3

6
+ c2r + c1 .(19)

φ(r) = −
ρ

6ε0

r2 + c2 +
c1

r
.(20)
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r > a
d2

dr2
(rφ) = 0 .(21)

rφ = d2r + d1 .(22)

φ(r) = d2 +
d1

r
.(23)

◦

• r = 0 φ ( ) ⇒ c1 = 0

• r → ∞ φ = 0 ⇒ d2 = 0

• r = a E
⇒ φ(a − ε) = φ(a + ε) dφ/dr|r=a−ε = dφ/dr|r=a+ε

(ε )
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− ρa2/(6ε0) + c2 = d1/a , −ρa/(3ε0) = −d1/a
2(24)

⇒ d1 =
ρa3

3ε0

, c2 =
ρa2

2ε0

.(25)

(Q = 4πa3ρ/3 )

φ(r) =























ρ

2ε0

(a2 −
r2

3
) , r < a

ρa3

3ε0

1

r
=

Q

4πε0

1

r
. r > a

(26)

a0

φ(r)

r
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◦

E(r) = −
∂φ

∂r
=



















ρ

3ε0

r =
Q

4πε0

r

a3
, r < a

Q

4πε0

1

r2
. r > a

(27)
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2.7.2

V S

φ(r) = φ0(r) , r ∈ S ,(28)

V 1 φ1(r)

∆φ1(r) = −
ρ(r)

ε0

, r ∈ V .(29)

1 φ2(r)

∆φ2(r) = −
ρ(r)

ε0

, r ∈ V .(30)

U(r) ≡ φ1(r) − φ2(r)

∆U(r) = 0 , r ∈ V ( ).(31)
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§§2. 5. 2 “
” (31)

U ∆U 6= 0 U(r)
V (

S )

φ1 φ2 (28)

U(r) = 0 , r ∈ S .(32)

U V

U(r) = 0 , r ∈ V .(33)

V φ1 φ2

φ1(r) = φ2(r) , r ∈ V .(34)
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2.7.3

( )

•

•
q

φ

φ
q

q

=const.
1 2

3

=const.

φ ( )

φ
φ
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• 1:

z ≤ 0
r0 = (0, 0, h) q

z > 0 φ( E)
.

φ(x, y, 0) = 0(35)

φ=0 h

q

y

z

q

φ+(r) =
1

4πε0

q

|r − r0|
=

1

4πε0

q
√

x2 + y2 + (z − h)2
(36)

(35) r = −r0 = (0, 0,−h)
−q ( )
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φ−(r) =
1

4πε0

−q

|r + r0|
=

1

4πε0

−q
√

x2 + y2 + (z + h)2
(37)

φ(r) = φ+(r) + φ−(r)(38)

=
q

4πε0

[

1
√

x2 + y2 + (z − h)2
−

1
√

x2 + y2 + (z + h)2

]

(35)

∆φ−(r) = 0 , z > 0 ,(39)

(38) φ z > 0

(38) z > 0
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( q > 0 )z

y

q

-q

( )

Ex = −
∂φ

∂x
(40)

=
qx

4πε0

[

1

{x2 + y2 + (z − h)2}3/2
−

1

{x2 + y2 + (z + h)2}3/2

]

,

Ey =
qy

4πε0

[

1

{x2 + y2 + (z − h)2}3/2
−

1

{x2 + y2 + (z + h)2}3/2

]

,

� � ��

I(2003), Sec. 2. 7 – p.15/19



Minoru TANAKA (Osaka Univ.)

Ez =
q

4πε0

[

z − h

{x2 + y2 + (z − h)2}3/2
−

z + h

{x2 + y2 + (z + h)2}3/2

]

,

(z = 0)

Ex = Ey = 0 , Ez(x, y, 0) =
q

4πε0

−2h

{x2 + y2 + h2}3/2
.(41)

( )

( ) (2. 6. 3)

σ(x, y) = ε0Ez(x, y, 0) = −
qh

2π

1

(x2 + y2 + h2)3/2
. ( )(42)
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xy x = r cos θ
y = r sin θ dxdy = rdrdθ

∫

σ(x, y)dxdy = −
qh

2π

∫

rdrdθ

(r2 + h2)3/2
(43)

= −
qh

2π
2π

∫

∞

0

rdr

(r2 + h2)3/2
= −q .

r

2πrdr

dr

x

y

θ

( !)

(z > 0) 1

q

F = qE(0, 0, h) = (0, 0,−
q2

4πε0

1

(2h)2
) .(44)

( )
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• 2:

a r0 = (0, 0, z0)
q0 q1 r1 =

(0, 0, z1)
r = (r sin θ, 0, r cos θ)

|r − ri| =
√

r2 − 2rzi cos θ + z2
i

θ

r

q0

01z a z
zo

φ(r) =
1

4πε0

[

q0

|r − r0|
+

q1

|r − r1|

]

(45)

=
1

4πε0

[

q0
√

r2 − 2rz0 cos θ + z2
0

+
q1

√

r2 − 2rz1 cos θ + z2
1

]
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=
1

4πε0

[

q0/r
√

1 − 2(z0/r) cos θ + (z0/r)2

+
q1/z1

√

1 − 2(r/z1) cos θ + (r/z1)2

]

r = a θ φ = 0

z0

a
=

a

z1

,
q0

a
+

q1

z1

= 0 .(46)

z1 =
a2

z0

, q1 = −
z1

a
q0 = −

a

z0

q0 .(47)
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